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Abstract
Classical non-relativistic mechanics in a general setting of time-dependent transforma-
tions and reference frame changes is formulated in the terms of fibre bundles over the
time-axis R. Connections on fibre bundles are the main ingredient in this formulation
of mechanics which thus is covariant under reference frame transformations. The basic
notions of a non-relativistic reference frame, a relative velocity, a free motion equation,
a relative acceleration, an external force are formulated. Newtonian, Lagrangian, Hamil-
tonian mechanical systems and the relations between them are defined. Lagrangian and
Hamiltonian conservation laws are considered.
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Introduction
We address classical non-relativistic mechanics in a general setting of arbitrary time-
dependent coordinate and reference frame transformations [15, 27].
The technique of symplectic manifolds is well known to provide the adequate Hamilto-
nian formulation of autonomous mechanics [1, 26, 46]. Its familiar example is a mechanical
system whose configuration space is a manifoldM and whose phase space is the cotangent
bundle T ∗M of M provided with the canonical symplectic form
Ω = dpi ∧ dq
i, (0.0.1)
written with respect to the holonomic coordinates (qi, pi = q˙i) on T
∗M . A Hamiltonian
H of this mechanical system is defined as a real function on a phase space T ∗M . Any
autonomous Hamiltonian system locally is of this type.
However, this Hamiltonian formulation of autonomous mechanics is not extended to
mechanics under time-dependent transformations because the symplectic form (0.0.1) fails
to be invariant under these transformations. As a palliative variant, one develops time-
dependent mechanics on a configuration space Q = R × M where R is the time axis
[6, 25]. Its phase space R×T ∗M is provided with the presymplectic form pr∗2Ω = dpi∧dq
i
which is the pull-back of the canonical symplectic form Ω (0.0.1) on T ∗M . However, this
presymplectic form also is broken by time-dependent transformations.
We consider non-relativistic mechanics whose configuration space is a fibre bundle
Q→ R over the time axis R endowed with the standard Cartesian coordinate t possessing
transition functions t′ = t+const. A velocity space of non-relativistic mechanics is the first
order jet manifold J1Q of sections of Q→ R, and its phase space is the vertical cotangent
bundle V ∗Q of Q→ R endowed with the canonical Poisson structure [27, 15, 40].
A fibre bundle Q→ R is always trivial. Its trivialization defines both an appropriate
coordinate systems and a connection on this fibre bundle which is associated with a
certain non-relativistic reference frame. Formulated as theory on fibre bundles over R,
non-relativistic mechanics is covariant under gauge (atlas) transformations of these fibre
bundles, i.e., time-dependent coordinate and reference frame transformations.
This formulation of mechanics is similar to that of classical field theory on fibre bundles
over a smooth manifold X , dimX > 1, [14]. A difference between mechanics and field
theory, however, lies in the fact that all connections on fibre bundles over R are flat and,
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4consequently, they are not dynamic variables. Therefore, formulation of non-relativistic
mechanics is covariant, but not invariant under time-dependent transformations.
Equations of motion of non-relativistic mechanics almost always are first and second
order dynamic equations. Second order dynamic equations on a fibre bundle Q→ R are
conventionally defined as the holonomic connections on the jet bundle J1Q → R. These
equations also are represented by connections on the jet bundle J1Q→ Q. The notions of
a free motion equation and a relative acceleration are formulated in terms of connections
on J1Q→ Q and TQ→ Q.
Generalizing the second Newton law, one introduces the notion of a Newtonian system
characterized by a mass tensor. If a mass tensor is non-degenerate, an equation of motion
of a Newtonian system is equivalent to a dynamic equation. We also come to the definition
of an external force.
Lagrangian non-relativistic mechanics is formulated in the framework of conventional
Lagrangian formalism on fibre bundles [8, 14, 15, 27]. Its Lagrangian is defined as a density
on the velocity space J1Q, and the corresponding Lagrange equation is a second order
differential equations on Q→ R. Besides Lagrange equations, the Cartan and Hamilton–
De Donder equations are considered in the framework of Lagrangian formalism. Note that
the Cartan equation, but not the Lagrange one is associated to the Hamilton equation.
The relations between Lagrangian and Newtonian systems are established. Lagrangian
conservation laws are defined in accordance with the first Noether theorem.
Hamiltonian mechanics on a phase space V ∗Q is not familiar Poisson Hamiltonian
theory on a Poisson manifold V ∗Q because all Hamiltonian vector fields on V ∗Q are
vertical. Hamiltonian mechanics on V ∗Q is formulated as particular (polysymplectic)
Hamiltonian formalism on fibre bundles [8, 14, 15, 27]. Its Hamiltonian is a section of the
fibre bundle T ∗Q → V ∗Q. The pull-back of the canonical Liouville form on T ∗Q with
respect to this section is a Hamiltonian one-form on V ∗Q. The corresponding Hamiltonian
connection on V ∗Q→ R defines the first order Hamilton equations on V ∗Q.
Note that one can associate to any Hamiltonian system on V ∗Q an autonomous sym-
plectic Hamiltonian system on the cotangent bundle T ∗Q such that the corresponding
Hamilton equations on V ∗Q and T ∗Q are equivalent. Moreover, the Hamilton equations
on V ∗Q also are equivalent to the Lagrange equations of a certain first order Lagrangian
system on a configuration space V ∗Q. As a consequence, Hamiltonian conservation laws
can be formulated as the particular Lagrangian ones.
Lagrangian and Hamiltonian formulations of mechanics fail to be equivalent, unless a
Lagrangian is hyperregular. If a Lagrangian L on a velocity space J1Q is hyperregullar,
one can associate to L an unique Hamiltonian form on a phase space V ∗Q such that
Lagarange equations on Q and the Hamilton equations V ∗Q are equivalent. In general,
different Hamiltonian forms are associated to a non-regular Lagrangian. The comprehen-
sive relations between Lagrangian and Hamiltonian systems can be established in the case
of almost regular Lagrangians.
Chapter 1
Dynamic equations
Equations of motion of non-relativistic mechanics are first and second order differential
equations on manifolds and fibre bundles over R. Almost always, they are dynamic
equations. Their solutions are called a motion.
This Chapter is devoted to theory of second order dynamic equations in mechanics
whose configuration space is a fibre bundle Q → R. They are defined as the holonomic
connections on the jet bundle J1Q → R (Section 1.4). These equations are represented
by connections on the jet bundle J1Q→ Q. Due to the canonical imbedding J1Q→ TQ
(1.1.6), they are proved equivalent to non-relativistic geodesic equations on the tangent
bundle TQ of Q (Theorem 1.5.2).
The notions of a non-relativistic reference frame, a relative velocity, a free motion
equation and a relative acceleration are formulated in terms of connections on Q → R,
J1Q→ Q and TQ→ Q.
Generalizing the second Newton law, we introduce the notion of a Newtonian system
(Definition 1.9.1) characterized by a mass tensor. If a mass tensor is non-degenerate,
an equation of motion of a Newtonian system is equivalent to a dynamic equation. The
notion of an external force also is formulated.
1.1 Preliminary. Fibre bundles over R
This section summarizes some peculiarities of fibre bundles over R.
Let
π : Q→ R (1.1.1)
be a fibred manifold whose base is treated as a time axis. Throughout the book, the
time axis R is parameterized by the Cartesian coordinate t with the transition functions
t′ = t+const. Relative to the Cartesian coordinate t, the time axis R is provided with the
standard vector field ∂t and the standard one-form dt which also is the volume element
5
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on R. The symbol dt also stands for any pull-back of the standard one-form dt onto a
fibre bundle over R.
In order that the dynamics of a mechanical system can be defined at any instant t ∈ R,
we further assume that a fibred manifold Q→ R is a fibre bundle with a typical fibre M .
Remark 1.1.1: In accordance with Remark 4.3.1, a fibred manifold Q→ R is a fibre bundle
iff it admits an Ehresmann connection Γ, i.e., the horizontal lift Γ∂t onto Q of the standard
vector field ∂t on R is complete. By virtue of Theorem 4.1.5, any fibre bundle Q→ R is trivial.
Its different trivializations
ψ : Q = R×M (1.1.2)
differ from each other in fibrations Q→M . ♦
Given bundle coordinates (t, qi) on the fibre bundle Q→ R (1.1.1), the first order jet
manifold J1Q of Q → R is provided with the adapted coordinates (t, qi, qit) possessing
transition functions (4.2.1) which read
q′it = (∂t + q
j
t∂j)q
′i. (1.1.3)
In mechanics on a configuration space Q → R, the jet manifold J1Q plays a role of the
velocity space.
Note that, if Q = R×M coordinated by (t, qi), there is the canonical isomorphism
J1(R×M) = R× TM, qit = q˙
i
, (1.1.4)
that one can justify by inspection of the transition functions of the coordinates qit and
q˙
i
when transition functions of qi are time-independent. Due to the isomorphism (1.1.4),
every trivialization (1.1.2) yields the corresponding trivialization of the jet manifold
J1Q = R× TM. (1.1.5)
The canonical imbedding (4.2.5) of J1Q takes the form
λ(1) : J
1Q→ TQ, λ(1) : (t, q
i, qit)→ (t, q
i, t˙ = 1, q˙i = qit), (1.1.6)
λ(1) = dt = ∂t + q
i
t∂i, (1.1.7)
where by dt is meant the total derivative. From now on, a jet manifold J
1Q is identified
with its image in TQ. Using the morphism (1.1.6), one can define the contraction
J1Q×
Q
T ∗Q →
Q
Q× R,
(qit; t˙, q˙i)→ λ(1)⌋(t˙dt+ q˙idq
i) = t˙ + qit q˙i, (1.1.8)
where (t, qi, t˙, q˙i) are holonomic coordinates on the cotangent bundle T
∗Q.
A glance at the expression (1.1.6) shows that the affine jet bundle J1Q→ Q is modelled
over the vertical tangent bundle V Q of a fibre bundle Q → R. As a consequence, there
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is the following canonical splitting (4.1.27) of the vertical tangent bundle VQJ
1Q of the
affine jet bundle J1Q→ Q:
α : VQJ
1Q = J1Q×
Q
V Q, α(∂ti) = ∂i, (1.1.9)
together with the corresponding splitting of the vertical cotangent bundle V ∗QJ
1Q of
J1Q→ Q:
α∗ : V ∗QJ
1Q = J1Q×
Q
V ∗Q, α∗(dqit) = dq
i, (1.1.10)
where dqit and dq
i are the holonomic bases for V ∗QJ
1Q and V ∗Q, respectively. Then the
exact sequence (4.3.30) of vertical bundles over the composite fibre bundle
J1Q −→Q −→R (1.1.11)
reads
❄
α−1
0 −→VQJ
1Q
i
−→V J1Q
πV−→ J1Q×
Q
V Q −→ 0.
Hence, we obtain the following linear endomorphism over J1Q of the vertical tangent
bundle V J1Q of the jet bundle J1Q→ R:
v̂ = i ◦ α−1 ◦ πV : V J
1Q→ V J1Q, (1.1.12)
v̂(∂i) = ∂
t
i , v̂(∂
t
i) = 0.
This endomorphism obeys the nilpotency rule v̂ ◦ v̂ = 0.
Combining the canonical horizontal splitting (4.1.27), the corresponding epimorphism
pr2 : J
1Q×
Q
TQ→ J1Q×
Q
V Q = VQJ
1Q,
∂t → −q
i
t∂
t
i , ∂i → ∂
t
i ,
and the monomorphism V J1Q → TJ1Q, one can extend the endomorphism (1.1.12) to
the tangent bundle TJ1Q:
v̂ : TJ1Q→ TJ1Q,
v̂(∂t) = −q
i
t∂
t
i , v̂(∂i) = ∂
t
i , v̂(∂
t
i) = 0. (1.1.13)
This is called the vertical endomorphism. It inherits the nilpotency property. The trans-
pose of the vertical endomorphism v̂ (1.1.13) is
v̂∗ : T ∗J1Q→ T ∗J1Q,
v̂∗(dt) = 0, v̂∗(dqi) = 0, v̂∗(dqit) = θ
i, (1.1.14)
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where θi = dqi− qitdt are the contact forms (4.2.6). The nilpotency rule v̂
∗ ◦ v̂∗ = 0 also is
fulfilled. The homomorphisms v̂ and v̂∗ are associated with the tangent-valued one-form
v̂ = θi ⊗ ∂ti in accordance with the relations (4.1.46) – (4.1.47).
In view of the morphism λ(1) (1.1.6), any connection
Γ = dt⊗ (∂t + Γ
i∂i) (1.1.15)
on a fibre bundle Q → R can be identified with a nowhere vanishing horizontal vector
field
Γ = ∂t + Γ
i∂i (1.1.16)
on Q which is the horizontal lift Γ∂t (4.3.3) of the standard vector field ∂t on R by means
of the connection (1.1.15). Conversely, any vector field Γ on Q such that dt⌋Γ = 1 defines
a connection on Q → R. Therefore, the connections (1.1.15) further are identified with
the vector fields (1.1.16). The integral curves of the vector field (1.1.16) coincide with the
integral sections for the connection (1.1.15).
Connections on a fibre bundle Q → R constitute an affine space modelled over the
vector space of vertical vector fields on Q → R. Accordingly, the covariant differential
(4.3.8), associated with a connection Γ on Q→ R, takes its values into the vertical tangent
bundle V Q of Q→ R:
DΓ : J1Q →
Q
V Q, q˙i ◦DΓ = qit − Γ
i. (1.1.17)
A connection Γ on a fibre bundle Q → R is obviously flat. It yields a horizontal
distribution on Q. The integral manifolds of this distribution are integral curves of the
vector field (1.1.16) which are transversal to fibres of a fibre bundle Q→ R.
Theorem 1.1.1: By virtue of Theorem 4.3.1, every connection Γ on a fibre bundle Q→ R
defines an atlas of local constant trivializations of Q→ R such that the associated bundle
coordinates (t, qi) on Q possess the transition functions qi → q′i(qj) independent of t, and
Γ = ∂t (1.1.18)
with respect to these coordinates. Conversely, every atlas of local constant trivializations
of the fibre bundle Q→ R determines a connection on Q→ R which is equal to (1.1.18)
relative to this atlas. ✷
A connection Γ on a fibre bundle Q→ R is said to be complete if the horizontal vector
field (1.1.16) is complete. In accordance with Remark 4.3.1, a connection on a fibre bundle
Q→ R is complete iff it is an Ehresmann connection. The following holds [15, 27].
Theorem 1.1.2: Every trivialization of a fibre bundle Q → R yields a complete con-
nection on this fibre bundle. Conversely, every complete connection Γ on Q→ R defines
its trivialization (1.1.2) such that the horizontal vector field (1.1.16) equals ∂t relative to
the bundle coordinates associated with this trivialization. ✷
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Let J1J1Q be the repeated jet manifold of a fibre bundle Q → R provided with the
adapted coordinates (t, qi, qit, q̂
i
t, q
i
tt) possessing transition functions
q′it = dtq
′i, q̂′it = d̂tq
′i, q′itt = d̂tq
′i
t ,
dt = ∂t + q
j
t∂j + q
j
tt∂
t
j , d̂t = ∂t + q̂
j
t∂j + q
j
tt∂
t
j .
There is the canonical isomorphism k between the affine fibrations π11 (4.2.10) and J
1π10
(4.2.11) of J1J1Q over J1Q, i.e.,
π11 ◦ k = J
1
0π01, k ◦ k = Id J
1J1Q,
where
qit ◦ k = q̂
i
t, q̂
i
t ◦ k = q
i
t, q
i
tt ◦ k = q
i
tt. (1.1.19)
In particular, the affine bundle π11 (4.2.10) is modelled over the vertical tangent bundle
V J1Q of J1Q → R which is canonically isomorphic to the underlying vector bundle
J1V Q→ J1Q of the affine bundle J1π10 (4.2.11).
For a fibre bundle Q → R, the sesquiholonomic jet manifold Ĵ2Q coincides with the
second order jet manifold J2Q coordinated by (t, qi, qit, q
i
tt), possessing transition functions
q′it = dtq
′i, q′itt = dtq
′i
t . (1.1.20)
The affine bundle J2Q→ J1Q is modelled over the vertical tangent bundle
VQJ
1Q = J1Q×
Q
V Q→ J1Q
of the affine jet bundle J1Q→ Q. There are the imbeddings
J2Q
λ(2)
−→TJ1Q
Tλ
−→VQTQ = T
2Q ⊂ TTQ,
λ(2) : (t, q
i, qit, q
i
tt)→ (t, q
i, qit, t˙ = 1, q˙
i = qit, q˙
i
t = q
i
tt), (1.1.21)
Tλ(1) ◦ λ(2) : (t, q
i, qit, q
i
tt)→ (1.1.22)
(t, qi, t˙ = t˙ = 1, q˙i = q˙i = qit, t¨ = 0, q¨
i = qitt),
where: (i) (t, qi, t˙, q˙i, t˙, q˙i, t¨, q¨i) are the coordinates on the double tangent bundle TTQ,(ii)
by VQTQ is meant the vertical tangent bundle of TQ→ Q, and (iii) T
2Q ⊂ TTQ is the
second order tangent space given by the coordinate relation t˙ = t˙.
Due to the morphism (1.1.21), any connection ξ on the jet bundle J1Q→ R (defined
as a section of the affine bundle π11 (4.2.10)) is represented by a horizontal vector field
on J1Q such that ξ⌋dt = 1.
A connection Γ (1.1.16) on a fibre bundle Q → R has the jet prolongation to the
section J1Γ of the affine bundle J1π10. By virtue of the isomorphism k (1.1.19), every
connection Γ on Q→ R gives rise to the connection
JΓ = k ◦ J1Γ : J1Q→ J1J1Q, JΓ = ∂t + Γ
i∂i + dtΓ
i∂ti ,
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on the jet bundle J1Q→ R.
A connection on the jet bundle J1Q→ R is said to be holonomic if it is a section
ξ = dt⊗ (∂t + q
i
t∂i + ξ
i∂ti)
of the holonomic subbundle J2Q → J1Q of J1J1Q → J1Q. In view of the morphism
(1.1.21), a holonomic connection is represented by a horizontal vector field
ξ = ∂t + q
i
t∂i + ξ
i∂ti (1.1.24)
on J1Q. Conversely, every vector field ξ on J1Q such that
dt⌋ξ = 1, v̂(ξ) = 0,
where v̂ is the vertical endomorphism (1.1.13), is a holonomic connection on the jet bundle
J1Q→ R.
Holonomic connections (1.1.24) make up an affine space modelled over the linear space
of vertical vector fields on the affine jet bundle J1Q→ Q, i.e., which live in VQJ
1Q.
A holonomic connection ξ defines the corresponding covariant differential (1.1.17) on
the jet manifold J1Q:
Dξ : J1J1Q −→
J1Q
VQJ
1Q ⊂ V J1Q,
q˙i ◦Dξ = 0, q˙it ◦D
ξ = qitt − ξ
i,
which takes its values into the vertical tangent bundle VQJ
1Q of the jet bundle J1Q→ Q.
Then by virtue of Theorem 4.2.1, any integral section c : () → J1Q for a holonomic
connection ξ is holonomic, i.e., c = c˙ where c is a curve in Q.
1.2 Autonomous dynamic equations
Let us start with dynamic equations on a manifold. From the physical viewpoint, they
are treated as autonomous dynamic equations in autonomous mechanics.
Let Z, dimZ > 1, be a smooth manifold coordinated by (zλ).
Definition 1.2.1: Let u be a vector field u on Z. A closed subbundle u(Z) of the
tangent bundle TZ given by the coordinate relations
z˙λ = uλ(z) (1.2.1)
is said to be an autonomous first order dynamic equation on a manifold Z. This is a
system of first order differential equations on a fibre bundle R × Z → R in accordance
with Definition 4.2.6. ✷
By a solution of the autonomous first order dynamic equation (1.2.1) is meant an
integral curve of the vector field u.
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Definition 1.2.2: An autonomous second order dynamic equation on a manifold Z is
defined as a first order dynamic equation on the tangent bundle TZ which is associated
with a holonomic vector field
Ξ = z˙λ∂λ + Ξ
λ(zµ, z˙µ)∂˙λ (1.2.2)
on TZ. This vector field, by definition, obeys the condition J(Ξ) = uTZ , where J is the
endomorphism (4.1.49) and uTZ is the Liouville vector field (4.1.34) on TZ. ✷
The holonomic vector field (1.2.2) also is called the autonomous second order dynamic
equation.
Let the double tangent bundle TTZ be provided with coordinates (zλ, z˙λ, z˙λ, z¨λ). With
respect to these coordinates, the autonomous second order dynamic equation defined by
the holonomic vector field Ξ (1.2.2) reads
z˙λ = z˙λ, z¨λ = Ξλ(zµ, z˙µ). (1.2.3)
By a solution of the second order dynamic equation (1.2.3) is meant a curve c : (, )→ Z
in a manifold Z whose tangent prolongation c˙ : (, ) → TZ is an integral curve of the
holonomic vector field Ξ or, equivalently, whose second order tangent prolongation c¨ lives
in the subbundle (1.2.3). It satisfies an autonomous second order differential equation
c¨λ(t) = Ξλ(cµ(t), c˙µ(t)).
Second order dynamic equations on a manifold Z are exemplified by geodesic equations
on the tangent bundle TZ.
Given a connection
K = dzµ ⊗ (∂µ +K
ν
µ ∂˙ν) (1.2.4)
on the tangent bundle TZ → Z, let
K̂ : TZ ×
Z
TZ → TTZ (1.2.5)
be the corresponding linear bundle morphism over TZ which splits the exact sequence
0 −→VZTZ −→ TTZ −→TZ ×
Z
TZ −→ 0.
Note that, in contrast with K (4.3.20), the connection K (1.2.4) need not be linear.
Definition 1.2.3: A geodesic equation on TZ with respect to the connection K (1.2.4)
is defined as the range
z˙λ = z˙λ, z¨µ = Kµν z˙
ν (1.2.6)
of the morphism (1.2.5) restricted to the diagonal TZ ⊂ TZ × TZ. ✷
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By a solution of a geodesic equation on TZ is meant a geodesic curve c in Z whose
tangent prolongation c˙ is an integral section (a geodesic vector field) over c ⊂ Z for a
connection K.
It is readily observed that the morphism K̂|TZ is a holonomic vector field on TZ. It
follows that any geodesic equation (1.2.5) on TZ is a second order equation on Z. The
converse is not true in general. Nevertheless, there is the following theorem [35].
Theorem 1.2.4: Every second order dynamic equation (1.2.3) on a manifold Z defines
a connection KΞ on the tangent bundle TZ → Z whose components are
Kµν =
1
2
∂˙νΞ
µ. (1.2.7)
✷
However, the autonomous second order dynamic equation (1.2.3) fails to be a geodesic
equation with respect to the connection (1.2.7) in general. In particular, the geodesic
equation (1.2.6) with respect to a connection K determines the connection (1.2.7) on
TZ → Z which does not necessarily coincide with K.
Theorem 1.2.5: A second order equation Ξ on Z is a geodesic equation for the connection
(1.2.7) iff Ξ is a spray, i.e., [uTZ ,Ξ] = Ξ, where uTZ is the Liouville vector field (4.1.34)
on TZ, i.e.,
Ξi = aij(q
k)q˙iq˙j
and the connection K (1.2.7) is linear. ✷
1.3 Dynamic equations
Let Q → X (1.1.1) be a configuration space of non-relativistic mechanics. Refereing to
Definition 4.2.6 of a differential equation on a fibre bundle, one defines a dynamic equation
on Q → R as a differential equation which is algebraically solved for the highest order
derivatives.
Definition 1.3.1: Let Γ (1.1.16) be a connection on a fibre bundle Y → R. The
corresponding covariant differential DΓ (1.1.17) is a first order differential operator on Y .
Its kernel, given by the coordinate equation
qit = Γ
i(t, qi), (1.3.1)
is a closed subbundle of the jet bundle J1Y → R. By virtue of Definition 4.2.6, it is a
first order differential equation on a fibre bundle Y → R called the first order dynamic
equation on Y → R. ✷
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Due to the canonical imbedding J1Q→ TQ (1.1.6), the equation (1.3.1) is equivalent
to the autonomous first order dynamic equation
t˙ = 1, q˙i = Γi(t, qi) (1.3.2)
on a manifold Y (Definition 1.2.2). It is defined by the vector field (1.1.16). Solutions of
the first order dynamic equation (1.3.1) are integral sections for a connection Γ.
Definition 1.3.2: Let us consider the first order dynamic equation (1.3.1) on the jet
bundle J1Q→ R, which is associated with a holonomic connection ξ (1.1.24) on J1Q→ R.
This is a closed subbundle of the second order jet bundle J2Q→ R given by the coordinate
relations
qitt = ξ
i(t, qj, qjt ). (1.3.3)
Consequently, it is a second order differential equation on a fibre bundle Q → R in
accordance with Definition 4.2.6. This equation is called a second order dynamic equation
or, simply, a dynamic equation if there is no danger of confusion. The corresponding
horizontal vector field ξ (1.1.24) also is termed a dynamic equation. ✷
The second order dynamic equation (1.3.3) possesses the coordinate transformation
law
q′itt = ξ
′i, ξ′i = (ξj∂j + q
j
t q
k
t ∂j∂k + 2q
j
t∂j∂t + ∂
2
t )q
′i(t, qj), (1.3.4)
derived from the formula (1.1.20).
A solution of the dynamic equation (1.3.3) is a curve c in Q whose second order jet
prolongation c¨ lives in (1.3.3). Any integral section c for the holonomic connection ξ
obviously is the jet prolongation c˙ of a solution c of the dynamic equation (1.3.3), i.e.,
c¨i = ξi ◦ c˙, (1.3.5)
and vice versa.
Remark 1.3.1: By very definition, the second order dynamic equation (1.3.3) on a fibre bundle
Q→ R is equivalent to the system of first order differential equations
q̂it = q
i
t, q
i
tt = ξ
i(t, qj, qjt ), (1.3.6)
on the jet bundle J1Q→ R. Any solution c of these equations takes its values into J2Q and, by
virtue of Theorem 4.2.1, is holonomic, i.e., c = c˙. The equations (1.3.3) and (1.3.6) are therefore
equivalent. ♦
A dynamic equation ξ on a fibre bundle Q→ R is said to be conservative if there exist
a trivialization (1.1.2) of Q and the corresponding trivialization (1.1.5) of J1Q such that
the vector field ξ (1.1.24) on J1Q is projectable over M . Then this projection
Ξξ = q˙
i∂i + ξ
i(qj , q˙j)∂˙i
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is an autonomous second order dynamic equation on the typical fibre M of Q → R in
accordance with Definition 1.2.2. Conversely, every autonomous second order dynamic
equation Ξ (1.2.2) on a manifold M can be seen as a conservative dynamic equation
ξΞ = ∂t + q˙
i∂i + Ξ
i∂˙i (1.3.7)
on the fibre bundle R×M → R in accordance with the isomorphism (1.1.5).
The following theorem holds [15, 27].
Theorem 1.3.3: Any dynamic equation ξ (1.3.3) on a fibre bundle Q→ R is equivalent
to an autonomous second order dynamic equation Ξ on a manifold Q which makes the
diagram
J2Q −→T 2Q
ξ ✻ ✻ Ξ
J1Q
λ(1)
−→ TQ
commutative and obeys the relations
ξi = Ξi(t, qj, t˙ = 1, q˙j = qjt ), Ξ
t = 0.
Accordingly, the dynamic equation (1.3.3) is written in the form
qitt = Ξ
i |t˙=1,q˙j=qjt
,
which is equivalent to the autonomous second order dynamic equation
t¨ = 0, t˙ = 1, q¨i = Ξi, (1.3.8)
on Q. ✷
1.4 Dynamic connections
In order to say something more, let us consider the relationship between the holonomic
connections on the jet bundle J1Q → R and the connections on the affine jet bundle
J1Q→ Q (see Propositions 1.4.1 and 1.4.2 below).
By J1QJ
1Q throughout is meant the first order jet manifold of the affine jet bundle
J1Q→ Q. The adapted coordinates on J1QJ
1Q are (qλ, qit, q
i
λt), where we use the compact
notation λ = (0, i), q0 = t. Let
γ : J1Q→ J1QJ
1Q
be a connection on the affine jet bundle J1Q→ Q. It takes the coordinate form
γ = dqλ ⊗ (∂λ + γ
i
λ∂
t
i), (1.4.1)
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together with the coordinate transformation law
γ′iλ = (∂jq
′iγjµ + ∂µq
′i
t )
∂qµ
∂q′λ
. (1.4.2)
Remark 1.4.1: In view of the canonical splitting (1.1.9), the curvature (4.3.13) of the con-
nection γ (1.4.1) reads
R : J1Q→
2
∧T ∗Q ⊗
J1Q
V Q,
R =
1
2
Riλµdq
λ ∧ dqµ ⊗ ∂i =
(
1
2
Rikjdq
k ∧ dqj +Ri0jdt ∧ dq
j
)
⊗ ∂i,
Riλµ = ∂λγ
i
µ − ∂µγ
i
λ + γ
j
λ∂jγ
i
µ − γ
j
µ∂jγ
i
λ. (1.4.3)
Using the contraction (1.1.8), we obtain the soldering form
λ(1)⌋R = [(R
i
kjq
k
t +R
i
0j)dq
j −Ri0jq
j
tdt]⊗ ∂i
on the affine jet bundle J1Q→ Q. Its image by the canonical projection T ∗Q→ V ∗Q (2.2.5) is
the tensor field
R : J1Q→ V ∗Q⊗
Q
V Q, R = (Rikjq
k
t +R
i
0j)dq
j ⊗ ∂i, (1.4.4)
and then we come to the scalar field
R˜ : J1Q→ R, R˜ = Rikiq
k
t +R
i
0i, (1.4.5)
on the jet manifold J1Q. ♦
Proposition 1.4.1: Any connection γ (1.4.1) on the affine jet bundle J1Q→ Q defines
the holonomic connection
ξγ = ρ ◦ γ : J
1Q→ J1QJ
1Q→ J2Q, (1.4.6)
ξγ = ∂t + q
i
t∂i + (γ
i
0 + q
j
tγ
i
j)∂
t
i ,
on the jet bundle J1Q→ R. ✷
Proof: Let us consider the composite fibre bundle (1.1.11) and the morphism ρ (4.3.25) which
reads
ρ : J1QJ
1Q ∋ (qλ, qit, q
i
λt) 7→ (q
λ, qit, q̂
i
t = q
i
t, q
i
tt = q
i
0t + q
j
t q
i
jt) ∈ J
2Q. (1.4.7)
A connection γ (1.4.1) and the morphism ρ (1.4.7) combine into the desired holonomic connection
ξγ (1.4.6) on the jet bundle J
1Q→ R. QED
It follows that every connection γ (1.4.1) on the affine jet bundle J1Q→ Q yields the
dynamic equation
qitt = γ
i
0 + q
j
tγ
i
j (1.4.8)
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on the configuration bundle Q→ R. This is precisely the restriction to J2Q of the kernel
Ker D˜γ of the vertical covariant differential D˜γ (4.3.34) defined by the connection γ:
D˜γ : J1J1Q→ VQJ
1Q, q˙it ◦ D˜
γ = qitt − γ
i
0 − q
j
t γ
i
j. (1.4.9)
Therefore, connections on the jet bundle J1Q → Q are called the dynamic connections.
The corresponding equation (1.3.5) can be written in the form
c¨i = ρ ◦ γ ◦ c˙,
where ρ is the morphism (1.4.7).
Of course, different dynamic connections can lead to the same dynamic equation
(1.4.8).
Proposition 1.4.2: Any holonomic connection ξ (1.1.24) on the jet bundle J1Q → R
yields the dynamic connection
γξ = dt⊗
[
∂t + (ξ
i −
1
2
qjt ∂
t
jξ
i)∂ti
]
+ dqj ⊗
[
∂j +
1
2
∂tjξ
i∂ti
]
(1.4.10)
on the affine jet bundle J1Q→ Q [15, 27]. ✷
It is readily observed that the dynamic connection γξ (1.4.10), defined by a dynamic
equation, possesses the property
γki = ∂
t
iγ
k
0 + q
j
t ∂
t
iγ
k
j , (1.4.11)
which implies the relation ∂tjγ
k
i = ∂
t
iγ
k
j . Therefore, a dynamic connection γ, obeying the
condition (1.4.11), is said to be symmetric. The torsion of a dynamic connection γ is
defined as the tensor field
T : J1Q→ V ∗Q⊗
Q
V Q,
T = T ki dq
i ⊗ ∂k, T
k
i = γ
k
i − ∂
t
iγ
k
0 − q
j
t∂
t
iγ
k
j . (1.4.12)
It follows at once that a dynamic connection is symmetric iff its torsion vanishes.
Let γ be the dynamic connection (1.4.1) and ξγ the corresponding dynamic equation
(1.4.6). Then the dynamic connection (1.4.10) associated with the dynamic equation ξγ
takes the form
γξγ
k
i =
1
2
(γki + ∂
t
iγ
k
0 + q
j
t ∂
t
iγ
k
j ), γξγ
k
0 = γ
k
0 + q
j
tγ
k
j − q
i
tγξγ
k
i .
It is readily observed that γ = γξγ iff the torsion T (1.4.12) of the dynamic connection γ
vanishes.
Example 1.4.2: Since a jet bundle J1Q→ Q is affine, it admits an affine connection
γ = dqλ ⊗ [∂λ + (γ
i
λ0(q
µ) + γiλj(q
µ)qjt )∂
t
i ]. (1.4.13)
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This connection is symmetric iff γiλµ = γ
i
µλ. One can easily justify that an affine dynamic
connection generates a quadratic dynamic equation, and vice versa. Nevertheless, a non-affine
dynamic connection, whose symmetric part is affine, also defines a quadratic dynamic equation.
♦
Using the notion of a dynamic connection, we can modify Theorem 1.2.4 as follows.
Let Ξ be an autonomous second order dynamic equation on a manifold M , and let ξΞ
(1.3.7) be the corresponding conservative dynamic equation on the bundle R×M → R.
The latter yields the dynamic connection γ (1.4.10) on a fibre bundle
R× TM → R×M.
Its components γij are exactly those of the connection (1.2.7) on the tangent bundle
TM → M in Theorem 1.2.4, while γi0 make up a vertical vector field
e = γi0∂˙i =
(
Ξi −
1
2
q˙j∂˙jΞ
i
)
∂˙i (1.4.14)
on TM →M . Thus, we have shown the following.
Proposition 1.4.3: Every autonomous second order dynamic equation Ξ (1.2.3) on a
manifold M admits the decomposition
Ξi = Kij q˙
j + ei
where K is the connection (1.2.7) on the tangent bundle TM → M , and e is the vertical
vector field (1.4.14) on TM → M . ✷
1.5 Non-relativistic geodesic equations
In this Section, we aim to show that every dynamic equation on a configuration bundle
Q→ R is equivalent to a geodesic equation on the tangent bundle TQ→ Q.
We start with the relation between the dynamic connections γ on the affine jet bundle
J1Q→ Q and the connections
K = dqλ ⊗ (∂λ +K
µ
λ ∂˙µ) (1.5.1)
on the tangent bundle TQ → Q of the configuration space Q. Note that they need not
be linear. We follow the compact notation (4.1.30).
Let us consider the diagram
J1QJ
1Q
J1λ(1)
−→ J1QTQ
γ ✻ ✻ K
J1Q
λ(1)
−→ TQ
(1.5.2)
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where J1QTQ is the first order jet manifold of the tangent bundle TQ → Q, coordinated
by
(t, qi, t˙, q˙i, (t˙)µ, (q˙
i)µ).
The jet prolongation over Q of the canonical imbedding λ(1) (1.1.6) reads
J1λ(1) : (t, q
i, qit, q
i
µt) 7→ (t, q
i, t˙ = 1, q˙i = qit, (t˙)µ = 0, (q˙
i)µ = q
i
µt).
Then we have
J1λ(1) ◦ γ : (t, q
i, qit) 7→ (t, q
i, t˙ = 1, q˙i = qit, (t˙)µ = 0, (q˙
i)µ = γ
i
µ),
K ◦ λ(1) : (t, q
i, qit) 7→ (t, q
i, t˙ = 1, q˙i = qit, (t˙)µ = K
0
µ, (q˙
i)µ = K
i
µ).
It follows that the diagram (1.5.2) can be commutative only if the components K0µ of the
connection K (1.5.1) on the tangent bundle TQ→ Q vanish.
Since the transition functions t→ t′ are independent of qi, a connection
K˜ = dqλ ⊗ (∂λ +K
i
λ∂˙i) (1.5.3)
with K0µ = 0 may exist on the tangent bundle TQ→ Q in accordance with the transfor-
mation law
K ′
i
λ = (∂jq
′iKjµ + ∂µq˙
′i)
∂qµ
∂q′λ
. (1.5.4)
Now the diagram (1.5.2) becomes commutative if the connections γ and K˜ fulfill the
relation
γiµ = K
i
µ ◦ λ(1) = K
i
µ(t, q
i, t˙ = 1, q˙i = qit). (1.5.5)
It is easily seen that this relation holds globally because the substitution of q˙i = qit in
(1.5.4) restates the transformation law (1.4.2) of a connection on the affine jet bundle
J1Q → Q. In accordance with the relation (1.5.5), the desired connection K˜ is an
extension of the section J1λ ◦ γ of the affine jet bundle J1QTQ → TQ over the closed
submanifold J1Q ⊂ TQ to a global section. Such an extension always exists by virtue of
Theorem 4.1.2, but it is not unique. Thus, we have proved the following.
Proposition 1.5.1: In accordance with the relation (1.5.5), every dynamic equation on
a configuration bundle Q→ R can be written in the form
qitt = K
i
0 ◦ λ(1) + q
j
tK
i
j ◦ λ(1), (1.5.6)
where K˜ is the connection (1.5.3) on the tangent bundle TQ → Q. Conversely, each
connection K˜ (1.5.3) on TQ→ Q defines the dynamic connection γ (1.5.5) on the affine
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jet bundle J1Q→ Q and the dynamic equation (1.5.6) on a configuration bundle Q→ R.
✷
Then we come to the following theorem.
Theorem 1.5.2: Every dynamic equation (1.3.3) on a configuration bundle Q → R is
equivalent to the geodesic equation
q¨0 = 0, q˙0 = 1,
q¨i = Kiλ(q
µ, q˙µ)q˙λ, (1.5.7)
on the tangent bundle TQ relative to a connection K˜ with the components K0λ = 0 and
Kiλ (1.5.5). Its solution is a geodesic curve in Q which also obeys the dynamic equation
(1.5.6), and vice versa. ✷
In accordance with this theorem, the autonomous second order equation (1.3.8) in
Theorem 1.3.3 can be chosen as a geodesic equation. It should be emphasized that,
written in the bundle coordinates (t, qi), the geodesic equation (1.5.7) and the connection
K˜ (1.5.5) are well defined with respect to any coordinates on Q.
From the physical viewpoint, the most relevant dynamic equations are the quadratic
ones
ξi = aijk(q
µ)qjt q
k
t + b
i
j(q
µ)qjt + f
i(qµ). (1.5.8)
This property is global due to the transformation law (1.3.4). Then one can use the
following two facts.
Proposition 1.5.3: There is one-to-one correspondence between the affine connections
γ on the affine jet bundle J1Q→ Q and the linear connections K (1.5.3) on the tangent
bundle TQ→ Q. ✷
Proof: This correspondence is given by the relation (1.5.5), written in the form
γiµ = γ
i
µ0 + γ
i
µjq
j
t = Kµ
i
0(q
ν)t˙+Kµ
i
j(q
ν)q˙j|t˙=1,q˙i=qit
=
Kµ
i
0(q
ν) +Kµ
i
j(q
ν)qjt ,
i.e., γiµλ = Kµ
i
λ. QED
In particular, if an affine dynamic connection γ is symmetric, so is the corresponding
linear connection K.
Corollary 1.5.4: Every quadratic dynamic equation (1.5.8) on a configuration bundle
Q→ R of mechanics gives rise to the geodesic equation
q¨0 = 0, q˙0 = 1,
q¨i = aijk(q
µ)q˙j q˙k + bij(q
µ)q˙j q˙0 + f i(qµ)q˙0q˙0 (1.5.9)
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on the tangent bundle TQ with respect to the symmetric linear connection
Kλ
0
ν = 0, K0
i
0 = f
i, K0
i
j =
1
2
bij , Kk
i
j = a
i
kj (1.5.10)
on the tangent bundle TQ→ Q. ✷
The geodesic equation (1.5.9), however, is not unique for the dynamic equation (1.5.8).
Proposition 1.5.5: Any quadratic dynamic equation (1.5.8), being equivalent to the
geodesic equation with respect to the symmetric linear connection K˜ (1.5.10), also is
equivalent to the geodesic equation with respect to an affine connection K ′ on TQ → Q
which differs from K˜ (1.5.10) in a soldering form σ on TQ→ Q with the components
σ0λ = 0, σ
i
k = h
i
k + (s− 1)h
i
kq˙
0, σi0 = −sh
i
kq˙
k − hi0q˙
0 + hi0,
where s and hiλ are local functions on Q. ✷
Proposition 1.5.5 also can be deduced from the following lemma.
Lemma 1.5.6: Every affine vertical vector field
σ = [f i(qµ) + bij(q
µ)qjt ]∂
t
i (1.5.11)
on the affine jet bundle J1Q→ Q is extended to the soldering form
σ = (f idt+ bikdq
k)⊗ ∂˙i (1.5.12)
on the tangent bundle TQ→ Q. ✷
Now let us extend our inspection of dynamic equations to connections on the tangent
bundle TM → M of the typical fibre M of a configuration bundle Q → R. In this case,
the relationship fails to be canonical, but depends on a trivialization (1.1.2) of Q→ R.
Given such a trivialization, let (t, qi) be the associated coordinates on Q, where qi
are coordinates on M with transition functions independent of t. The corresponding
trivialization (1.1.5) of J1Q → R takes place in the coordinates (t, qi, q˙
i
), where q˙
i
are
coordinates on TM . With respect to these coordinates, the transformation law (1.4.2) of
a dynamic connection γ on the affine jet bundle J1Q→ Q reads
γ′
i
0 =
∂q′i
∂qj
γj0 γ
′i
k =
∂q′i
∂qj
γjn +
∂q˙
′i
∂qn
 ∂qn
∂q′k
.
It follows that, given a trivialization of Q → R, a connection γ on J1Q→ Q defines the
time-dependent vertical vector field
γi0(t, q
j, q˙
j
)
∂
∂q˙
i : R× TM → V TM
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and the time-dependent connection
dqk ⊗
(
∂
∂qk
+ γik(t, q
j , q˙
j
)
∂
∂q˙
i
)
: R× TM → J1TM ⊂ TTM (1.5.13)
on the tangent bundle TM → M .
Conversely, let us consider a connection
K = dqk ⊗
(
∂
∂qk
+K
i
k(q
j , q˙
j
)
∂
∂q˙
i
)
on the tangent bundle TM → M . Given the above-mentioned trivialization of the con-
figuration bundle Q → R, the connection K defines the connection K˜ (1.5.3) with the
components
Ki0 = 0, K
i
k = K
i
k,
on the tangent bundle TQ→ Q. The corresponding dynamic connection γ on the affine
jet bundle J1Q→ Q reads
γi0 = 0, γ
i
k = K
i
k. (1.5.14)
Using the transformation law (1.4.2), one can extend the expression (1.5.14) to arbi-
trary bundle coordinates (t, qi) on the configuration space Q as follows:
γik =
[
∂qi
∂qj
K
j
n(q
j(qr), q˙
j
(qr, qrt )) +
∂2qi
∂qn∂qj
q˙
j
+
∂Γi
∂qn
]
∂kq
n, (1.5.15)
γi0 = ∂tΓ
i + ∂jΓ
iqjt − γ
i
kΓ
k,
where Γi = ∂tq
i(t, qj) is the connection on Q→ R, corresponding to a given trivialization
of Q, i.e., Γi = 0 relative to (t, qi). The dynamic equation on Q defined by the dynamic
connection (1.5.15) takes the form
qitt = ∂tΓ
i + qjt∂jΓ
i + γik(q
k
t − Γ
k). (1.5.16)
By construction, it is a conservative dynamic equation. Thus, we have proved the follow-
ing.
Proposition 1.5.7: Any connection K on the typical fibre M of a configuration bundle
Q→ R yields a conservative dynamic equation (1.5.16) on Q. ✷
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1.6 Reference frames
From the physical viewpoint, a reference frame in non-relativistic mechanics determines a
tangent vector at each point of a configuration space Q, which characterizes the velocity of
an observer at this point. This speculation leads to the following mathematical definition
of a reference frame in mechanics [15, 27, 33, 40].
Definition 1.6.1: A non-relativistic reference frame is a connection Γ on a configuration
space Q→ R. ✷
By virtue of this definition, one can think of the horizontal vector field (1.1.16) associ-
ated with a connection Γ on Q→ R as being a family of observers, while the corresponding
covariant differential (1.1.17):
q˙iΓ = D
Γ(qit) = q
i
t − Γ
i,
determines the relative velocity with respect to a reference frame Γ. Accordingly, qit are
regarded as the absolute velocities.
In particular, given a motion c : R → Q, its covariant derivative ∇Γc (4.3.9) with
respect to a connection Γ is a velocity of this motion relative to a reference frame Γ. For
instance, if c is an integral section for a connection Γ, a velocity of the motion c relative to
a reference frame Γ is equal to 0. Conversely, every motion c : R→ Q defines a reference
frame Γc such that a velocity of c relative to Γc vanishes. This reference frame Γc is
an extension of a section c(R) → J1Q of an affine jet bundle J1Q → Q over the closed
submanifold c(R) ∈ Q to a global section in accordance with Theorem 4.1.2.
By virtue of Theorem 1.1.1, any reference frame Γ on a configuration bundle Q→ R is
associated with an atlas of local constant trivializations, and vice versa. A connection Γ
takes the form Γ = ∂t (1.1.18) with respect to the corresponding coordinates (t, q
i), whose
transition functions qi → q′i are independent of time. One can think of these coordinates
as also being a reference frame, corresponding to the connection (1.1.18). They are called
the adapted coordinates to a reference frame Γ. Thus, we come to the following definition,
equivalent to Definition 1.6.1.
Definition 1.6.2: In mechanics, a reference frame is an atlas of local constant trivial-
izations of a configuration bundle Q→ R. ✷
In particular, with respect to the coordinates qi adapted to a reference frame Γ, the
velocities relative to this reference frame coincide with the absolute ones
DΓ(qit) = q˙
i
Γ = q
i
t.
Remark 1.6.1: By analogy with gauge field theory, we agree to call transformations of bundle
atlases of a fibre bundle Q→ R the gauge transformations. To be precise, one should call them
passive gauge transformations, while by active gauge transformations are meant automorphisms
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of a fibre bundle. In mechanics, gauge transformations also are reference frame transformations
in accordance with Theorem 1.1.1. An object on a fibre bundle is said to be gauge covariant or,
simply, covariant if its definition is atlas independent. It is called gauge invariant if its form is
maintained under atlas transformations. ♦
A reference frame is said to be complete if the associated connection Γ is complete.
By virtue of Proposition 1.1.2, every complete reference frame defines a trivialization of
a bundle Q→ R, and vice versa.
Remark 1.6.2: Given a reference frame Γ, one should solve the equations
Γi(t, qj(t, qa)) =
∂qi(t, qa)
∂t
, (1.6.1)
∂qa(t, qj)
∂qi
Γi(t, qj) +
∂qa(t, qj)
∂t
= 0 (1.6.2)
in order to find the coordinates (t, qa) adapted to Γ. Let (t, qa1) and (t, q
i
2) be the adapted coor-
dinates for reference frames Γ1 and Γ2, respectively. In accordance with the equality (1.6.2), the
components Γi1 of the connection Γ1 with respect to the coordinates (t, q
i
2) and the components
Γa2 of the connection Γ2 with respect to the coordinates (t, q
a
1) fulfill the relation
∂qa1
∂qi2
Γi1 + Γ
a
2 = 0.
♦
Using the relations (1.6.1) – (1.6.2), one can rewrite the coordinate transformation
law (1.3.4) of dynamic equations as follows. Let
qatt = ξ
a
(1.6.3)
be a dynamic equation on a configuration space Q written with respect to a reference
frame (t, qn). Then, relative to arbitrary bundle coordinates (t, qi) onQ→ R, the dynamic
equation (1.6.3) takes the form
qitt = dtΓ
i + ∂jΓ
i(qjt − Γ
j)−
∂qi
∂qa
∂qa
∂qj∂qk
(qjt − Γ
j)(qkt − Γ
k) +
∂qi
∂qa
ξ
a
, (1.6.4)
where Γ is a connection corresponding to the reference frame (t, qn). The dynamic equa-
tion (1.6.4) can be expressed in the relative velocities q˙iΓ = q
i
t − Γ
i with respect to the
initial reference frame (t, qa). We have
dtq˙
i
Γ = ∂jΓ
iq˙jΓ −
∂qi
∂qa
∂qa
∂qj∂qk
q˙jΓq˙
k
Γ +
∂qi
∂qa
ξ
a
(t, qj, q˙jΓ). (1.6.5)
Accordingly, any dynamic equation (1.3.3) can be expressed in the relative velocities
q˙iΓ = q
i
t − Γ
i with respect to an arbitrary reference frame Γ as follows:
dtq˙
i
Γ = (ξ − JΓ)
i
t = ξ
i − dtΓ, (1.6.6)
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where JΓ is the prolongation (1.1.23) of a connection Γ onto the jet bundle J1Q→ R.
For instance, let us consider the following particular reference frame Γ for a dynamic
equation ξ. The covariant derivative of a reference frame Γ with respect to the corre-
sponding dynamic connection γξ (1.4.10) reads
∇γΓ = Q→ T ∗Q× VQJ
1Q, (1.6.7)
∇γΓ = ∇γλΓ
kdqλ ⊗ ∂k, ∇
γ
λΓ
k = ∂λΓ
k − γkλ ◦ Γ.
A connection Γ is called a geodesic reference frame for the dynamic equation ξ if
Γ⌋∇γΓ = Γλ(∂λΓ
k − γkλ ◦ Γ) = (dtΓ
i − ξi ◦ Γ)∂i = 0. (1.6.8)
Proposition 1.6.3: Integral sections c for a reference frame Γ are solutions of a dynamic
equation ξ iff Γ is a geodesic reference frame for ξ. ✷
Remark 1.6.3: The left- and right-hand sides of the equation (1.6.6) separately are not well-
behaved objects. This equation is brought into the covariant form (1.8.6). ♦
Reference frames play a prominent role in many constructions of mechanics. They
enable us to write the covariant forms: (1.8.5) – (1.8.6) of dynamic equations and (3.1.16)
of Hamiltonians of mechanics.
With a reference frame, we obtain the converse of Theorem 1.5.2.
Theorem 1.6.4: Given a reference frame Γ, any connection K (1.5.1) on the tangent
bundle TQ→ Q defines a dynamic equation
ξi = (Kiλ − Γ
iK0λ)q˙
λ |q˙0=1,q˙j=qjt
.
✷
This theorem is a corollary of Proposition 1.5.1 and the following lemma.
Lemma 1.6.5: Given a connection Γ on a fibre bundle Q→ R and a connection K on the
tangent bundle TQ→ Q, there is the connection K˜ on TQ→ Q with the components
K˜0λ = 0, K˜
i
λ = K
i
λ − Γ
iK0λ.
✷
1.7 Free motion equations
Let us point out the following interesting class of dynamic equations which we agree to
call the free motion equations.
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Definition 1.7.1: We say that the dynamic equation (1.3.3) is a free motion equation if
there exists a reference frame (t, qi) on the configuration space Q such that this equation
reads
qitt = 0. (1.7.1)
✷
With respect to arbitrary bundle coordinates (t, qi), a free motion equation takes the
form
qitt = dtΓ
i + ∂jΓ
i(qjt − Γ
j)−
∂qi
∂qm
∂qm
∂qj∂qk
(qjt − Γ
j)(qkt − Γ
k), (1.7.2)
where Γi = ∂tq
i(t, qj) is the connection associated with the initial frame (t, qi) (cf. (1.6.4)).
One can think of the right-hand side of the equation (1.7.2) as being the general coordinate
expression for an inertial force in mechanics. The corresponding dynamic connection γξ
on the affine jet bundle J1Q→ Q reads
γik = ∂kΓ
i −
∂qi
∂qm
∂qm
∂qj∂qk
(qjt − Γ
j), (1.7.3)
γi0 = ∂tΓ
i + ∂jΓ
iqjt − γ
i
kΓ
k.
It is affine. By virtue of Proposition 1.5.3, this dynamic connection defines a linear
connection K on the tangent bundle TQ → Q, whose curvature necessarily vanishes.
Thus, we come to the following criterion of a dynamic equation to be a free motion
equation.
Proposition 1.7.2: If ξ is a free motion equation on a configuration space Q, it is
quadratic, and the corresponding symmetric linear connection (1.5.10) on the tangent
bundle TQ→ Q is a curvature-free connection. ✷
This criterion is not a sufficient condition because it may happen that the components
of a curvature-free symmetric linear connection on TQ → Q vanish with respect to the
coordinates on Q which are not compatible with a fibration Q→ R.
The similar criterion involves the curvature of a dynamic connection (1.7.3) of a free
motion equation.
Proposition 1.7.3: If ξ is a free motion equation, then the curvature R (1.4.3) of the
corresponding dynamic connection γξ is equal to 0, and so are the tensor field R (1.4.4)
and the scalar field R˜ (1.4.5). ✷
Proposition 1.7.3 also fails to be a sufficient condition. If the curvature R (1.4.3) of
a dynamic connection γξ vanishes, it may happen that components of γξ are equal to 0
with respect to non-holonomic bundle coordinates on an affine jet bundle J1Q→ Q.
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Nevertheless, we can formulate the necessary and sufficient condition of the existence
of a free motion equation on a configuration space Q.
Proposition 1.7.4: A free motion equation on a fibre bundle Q → R exists iff the
typical fibre M of Q admits a curvature-free symmetric linear connection. ✷
Proof: Let a free motion equation take the form (1.7.1) with respect to some atlas of local
constant trivializations of a fibre bundle Q → R. By virtue of Proposition 1.4.2, there exists
an affine dynamic connection γ on the affine jet bundle J1Q → Q whose components relative
to this atlas are equal to 0. Given a trivialization chart of this atlas, the connection γ defines
the curvature-free symmetric linear connection (1.5.13) on M . The converse statement follows
at once from Proposition 1.5.7. QED
The free motion equation (1.7.2) is simplified if the coordinate transition functions
qi → qi are affine in coordinates qi. Then we have
qitt = ∂tΓ
i − Γj∂jΓ
i + 2qjt∂jΓ
i. (1.7.4)
The following lemma shows that the free motion equation (1.7.4) is affine in the coor-
dinates qi and qit [15, 27].
Lemma 1.7.5: Let (t, qa) be a reference frame on a configuration bundle Q → R and
Γ the corresponding connection. Components Γi of this connection with respect to an-
other coordinate system (t, qi) are affine functions in the coordinates qi iff the transition
functions between the coordinates qa and qi are affine. ✷
One can easily find the geodesic reference frames for the free motion equation
qitt = 0. (1.7.5)
They are Γi = vi = const. By virtue of Lemma 1.7.5, these reference frames define the
adapted coordinates
qi = kijq
j − vit− ai, kij = const., v
i = const., ai = const. (1.7.6)
The equation (1.7.5) obviously keeps its free motion form under the transformations (1.7.6)
between the geodesic reference frames. It is readily observed that these transformations
are precisely the elements of the Galilei group.
1.8 Relative acceleration
In comparison with the notion of a relative velocity, the definition of a relative acceleration
is more intricate.
To consider a relative acceleration with respect to a reference frame Γ, one should
prolong a connection Γ on a configuration space Q→ R to a holonomic connection ξΓ on
the jet bundle J1Q→ R. Note that the jet prolongation JΓ (1.1.23) of Γ onto J1Q→ R
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is not holonomic. We can construct the desired prolongation by means of a dynamic
connection γ on an affine jet bundle J1Q→ Q.
Lemma 1.8.1: Let us consider the composite bundle (1.1.11). Given a reference frame Γ
on Q→ R and a dynamic connections γ on J1Q→ Q, there exists a dynamic connection
γ˜ on J1Q→ Q with the components
γ˜ik = γ
i
k, γ˜
i
0 = dtΓ
i − γikΓ
k. (1.8.1)
✷
Now, we construct a certain soldering form on an affine jet bundle J1Q→ Q and add
it to this connection. Let us apply the canonical projection T ∗Q → V ∗Q and then the
imbedding Γ : V ∗Q → T ∗Q to the covariant derivative (1.6.7) of the reference frame Γ
with respect to the dynamic connection γ. We obtain the VQJ
1Q-valued one-form
σ = [−Γi(∂iΓ
k − γki ◦ Γ)dt+ (∂iΓ
k − γki ◦ Γ)dq
i]⊗ ∂tk
on Q whose pull-back onto J1Q is a desired soldering form. The sum
γΓ = γ˜ + σ,
called the frame connection, reads
γΓ
i
0 = dtΓ
i − γikΓ
k − Γk(∂kΓ
i − γik ◦ Γ), (1.8.2)
γΓ
i
k = γ
i
k + ∂kΓ
i − γik ◦ Γ.
This connection yields the desired holonomic connection
ξiΓ = dtΓ
i + (∂kΓ
i + γik − γ
i
k ◦ Γ)(q
k
t − Γ
k)
on the jet bundle J1Q→ R.
Let ξ be a dynamic equation and γ = γξ the connection (1.4.10) associated with ξ.
Then one can think of the vertical vector field
aΓ = ξ − ξΓ = (ξ
i − ξiΓ)∂
t
i (1.8.3)
on the affine jet bundle J1Q → Q as being a relative acceleration with respect to the
reference frame Γ in comparison with the absolute acceleration ξ.
For instance, let us consider a reference frame Γ which is geodesic for the dynamic
equation ξ, i.e., the relation (1.6.8) holds. Then the relative acceleration of a motion c
with respect to a reference frame Γ is
(ξ − ξΓ) ◦ Γ = 0.
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Let ξ now be an arbitrary dynamic equation, written with respect to coordinates (t, qi)
adapted to a reference frame Γ, i.e., Γi = 0. In these coordinates, the relative acceleration
with respect to a reference frame Γ is
aiΓ = ξ
i(t, qj, qjt )−
1
2
qkt (∂kξ
i − ∂kξ
i |qjt=0
). (1.8.4)
Given another bundle coordinates (t, q′i) on Q→ R, this dynamic equation takes the form
(1.6.5), while the relative acceleration (1.8.4) with respect to a reference frame Γ reads
a′iΓ = ∂jq
′iajΓ.
Then we can write the dynamic equation (1.3.3) in the form which is covariant under
coordinate transformations:
D˜γΓq
i
t = dtq
i
t − ξ
i
Γ = aΓ, (1.8.5)
where D˜γΓ is the vertical covariant differential (1.4.9) with respect to the frame connection
γΓ (1.8.2) on an affine jet bundle J
1Q→ Q.
In particular, if ξ is a free motion equation which takes the form (1.7.1) with respect
to a reference frame Γ, then
D˜γΓq
i
t = 0
relative to arbitrary bundle coordinates on the configuration bundle Q→ R.
The left-hand side of the dynamic equation (1.8.5) also can be expressed in the relative
velocities such that this dynamic equation takes the form
dtq˙
i
Γ − γΓ
i
kq˙
k
Γ = aΓ (1.8.6)
which is the covariant form of the equation (1.6.6).
The concept of a relative acceleration is understood better when we deal with a
quadratic dynamic equation ξ, and the corresponding dynamic connection γ is affine.
Lemma 1.8.2: If a dynamic connection γ is affine, i.e.,
γiλ = γ
i
λ0 + γ
i
λkq
k
t ,
so is a frame connection γΓ for any frame Γ. ✷
In particular, we obtain
γΓ
i
jk = γ
i
jk, γΓ
i
0k = γΓ
i
k0 = γΓ
i
00 = 0
relative to the coordinates adapted to a reference frame Γ.
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Corollary 1.8.3: If a dynamic equation ξ is quadratic, the relative acceleration aΓ
(1.8.3) is always affine, and it admits the decomposition
aiΓ = −(Γ
λ∇γλΓ
i + 2q˙λΓ∇
γ
λΓ
i), (1.8.7)
where γ = γξ is the dynamic connection (1.4.10), and
q˙λΓ = q
λ
t − Γ
λ, q0t = 1, Γ
0 = 1,
is the relative velocity with respect to the reference frame Γ. ✷
Note that the splitting (1.8.7) gives a generalized Coriolis theorem. In particular,
the well-known analogy between inertial and electromagnetic forces is restated. Corollary
1.8.3 shows that this analogy can be extended to an arbitrary quadratic dynamic equation.
1.9 Newtonian systems
Equations of motion of non-relativistic mechanics need not be exactly dynamic equations.
For instance, the second Newton law of point mechanics contains a mass. The notion of
a Newtonian system generalizes the second Newton law as follows.
Let m be a fibre metric (bilinear form) in the vertical tangent bundle VQJ
1Q→ J1Q
of J1Q→ Q. It reads
m : J1Q→
2
∨
J1Q
V ∗QJ
1Q, m =
1
2
mijdq
i
t ∨ dq
j
t , (1.9.1)
where dqit are the holonomic bases for the vertical cotangent bundle V
∗
QJ
1Q of J1Q→ Q.
It defines the map
m̂ : VQJ
1Q→ V ∗QJ
1Q.
Definition 1.9.1: Let Q→ R be a fibre bundle together with:
(i) a fibre metric m (1.9.1) satisfying the symmetry condition
∂tkmij = ∂
t
jmik, (1.9.2)
(ii) and a holonomic connection ξ (1.1.24) on a jet bundle J1Q → R related to the
fibre metric m by the compatibility condition
ξ⌋dmij +
1
2
mik∂
t
jξ
k +mjk∂
t
iξ
k = 0. (1.9.3)
A triple (Q,m, ξ) is called the Newtonian system. ✷
We agree to call a metric m in Definition 1.9.1 the mass tensor of a Newtonian system
(Q,m, ξ). The equation of motion of this Newtonian system is defined to be
m̂(Dξ) = 0, mik(q
k
tt − ξ
k) = 0. (1.9.4)
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Due to the conditions (1.9.2) and (1.9.3), it is brought into the form
dt(mikq
k
t )−mikξ
k = 0.
Therefore, one can think of this equation as being a generalization of the second Newton
law.
If a mass tensor m (1.9.1) is non-degenerate, the equation of motion (1.9.4) is equiv-
alent to the dynamic equation
Dξ = 0, qktt − ξ
k = 0.
Because of the canonical vertical splitting (1.1.10), the mass tensor (1.9.1) also is a
map
m : J1Q→
2
∨
J1Q
V ∗Q, m =
1
2
mijdq
i ∨ dqj, (1.9.5)
A Newtonian system (Q,m, ξ) is said to be standard, if its mass tensor m is the
pull-back onto VQJ
1Q of a fibre metric
m : Q→
2
∨
Q
V ∗Q (1.9.6)
in the vertical tangent bundle V Q→ Q in accordance with the isomorphisms (1.1.9) and
(1.1.10), i.e., m is independent of the velocity coordinates qit.
Given a mass tensor, one can introduce the notion of an external force.
Definition 1.9.2: An external force is defined as a section of the vertical cotangent
bundle V ∗QJ
1Q→ J1Q. Let us also bear in mind the isomorphism (1.1.10). ✷
It should be emphasized that there are no canonical isomorphisms between the vertical
cotangent bundle V ∗QJ
1Q and the vertical tangent bundle VQJ
1Q of J1Q. One must
therefore distinguish forces and accelerations which are related by means of a mass tensor.
Let (Q, m̂, ξ) be a Newtonian system and f an external force. Then
ξif = ξ
i + (m−1)ikfk (1.9.7)
is a dynamic equation, but the triple (Q,m, ξf) is not a Newtonian system in general. As
it follows from a direct computation, iff an external force possesses the property
∂tifj + ∂
t
jfi = 0, (1.9.8)
then ξf (1.9.7) fulfills the compatibility condition (1.9.3), and (Q, m̂, ξf) also is a Newto-
nian system.
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1.10 Integrals of motion
Let an equation of motion of a mechanical system on a fibre bundle Y → R be described by
an r-order differential equation E given by a closed subbundle of the jet bundle JrY → R
in accordance with Definition 4.2.6.
Definition 1.10.1: An integral of motion of this mechanical system is defined as a
(k < r)-order differential operator Φ on Y such that E belongs to the kernel of an r-order
jet prolongation of the differential operator dtΦ, i.e.,
Jr−k−1(dtΦ)|E = 0. (1.10.1)
✷
It follows that an integral of motion Φ is constant on solutions s of a differential
equation E, i.e., there is the differential conservation law
(Jks)∗Φ = const., (Jk+1s)∗dtΦ = 0. (1.10.2)
We agree to write the condition (1.10.1) as the weak equality
Jr−k−1(dtΦ) ≈ 0, (1.10.3)
which holds on-shell, i.e., on solutions of a differential equation E by the formula (1.10.2).
In mechanics, we can restrict our consideration to integrals of motion Φ which are
functions on JkY . As was mentioned above, equations of motion of mechanics mainly are
of first or second order. Accordingly, their integrals of motion are functions on Y or JkY .
In this case, the corresponding weak equality (1.10.1) takes the form
dtΦ ≈ 0 (1.10.4)
of a weak conservation law or, simply, a conservation law.
Different integrals of motion need not be independent. Let integrals of motion Φ1, . . . ,Φm
of a mechanical system on Y be functions on JkY . They are called independent if
dΦ1 ∧ · · · ∧ dΦm 6= 0 (1.10.5)
everywhere on JkY . In this case, any motion Jks of this mechanical system lies in the
common level surfaces of functions Φ1, . . . ,Φm which bring J
kY into a fibred manifold.
Integrals of motion can come from symmetries. This is the case of Lagrangian and
Hamiltonian mechanics (Sections 2.4 and 3.5).
Definition 1.10.2: Let an equation of motion of a mechanical system be an r-order
differential equation E ⊂ JrY . Its infinitesimal symmetry (or, simply, a symmetry) is
defined as a vector field on JrY whose restriction to E is tangent to E. ✷
For instance, let us consider first order dynamic equations.
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Proposition 1.10.3: Let E be the autonomous first order dynamic equation (1.2.1)
given by a vector field u on a manifold Z. A vector field ϑ on Z is its symmetry iff
[u, ϑ] ≈ 0. ✷
One can show that a smooth real function F on a manifold Z is an integral of motion
of the autonomous first order dynamic equation (1.2.1) (i.e., it is constant on solutions of
this equation) iff its Lie derivative along u vanishes:
LuF = u
λ∂λΦ = 0. (1.10.6)
Proposition 1.10.4: Let E be the first order dynamic equation (1.3.1) given by a
connection Γ (1.1.16) on a fibre bundle Y → R. Then a vector field ϑ on Y is its
symmetry iff [Γ, ϑ] ≈ 0. ✷
A smooth real function Φ on Y is an integral of motion of the first order dynamic
equation (1.3.1) in accordance with the equality (1.10.4) iff
LΓΦ = (∂t + Γ
i∂i)Φ = 0. (1.10.7)
Following Definition 1.10.2, let us introduce the notion of a symmetry of differential
operators in the following relevant case. Let us consider an r-order differential operator
on a fibre bundle Y → R which is represented by an exterior form E on JrY (Definition
4.2.5). Let its kernel Ker E be an r-order differential equation on Y → R.
Proposition 1.10.5: It is readily justified that a vector field ϑ on JrY is a symmetry
of the equation Ker E in accordance with Definition 1.10.2 iff
LϑE ≈ 0. (1.10.8)
✷
Motivated by Proposition 1.10.5, we come to the following.
Definition 1.10.6: Let E be the above mentioned differential operator. A vector field ϑ
on JrY is called a symmetry of a differential operator E if the Lie derivative LϑE vanishes.
✷
By virtue of Proposition 1.10.5, a symmetry of a differential operator E also is a
symmetry of the differential equation Ker E .
Note that there exist integrals of motion which are not associated with symmetries of
an equation of motion (Example 2.4.5).
Chapter 2
Lagrangian mechanics
Lagrangian mechanics on a velocity phase space is formulated in the framework of Lagran-
gian formalism on fibre bundles [8, 14, 15, 27]. This formulation is based on the variational
bicomplex and the first variational formula, without appealing to the variational principle.
Besides Lagrange equations, the Cartan and Hamilton–De Donder equations are consid-
ered in the framework of Lagrangian formalism. Note that the Cartan equation, but not
the Lagrange one is associated to the Hamilton equation (Section 3.4). The relations
between Lagrangian and Newtonian systems are investigated. Lagrangian conservation
laws are defined by means of the first Noether theorem.
2.1 Lagrangian formalism on Q→ R
Let π : Q → R be a fibre bundle (1.1.1). The finite order jet manifolds JkQ of Q → R
form the inverse sequence
Q
π10←− J1Q←− · · ·Jr−1Q
πrr−1
←− JrQ←− · · · , (2.1.1)
where πrr−1 are affine bundles. Its projective limit J
∞Q is a paracompact Fre´chet manifold.
One can think of its elements as being infinite order jets of sections of Q→ R identified by
their Taylor series at points of R. Therefore, J∞Q is called the infinite order jet manifold.
A bundle coordinate atlas (t, qi) of Q → R provides J∞Q with the manifold coordinate
atlas
(t, qi, qit, q
i
tt, . . .), q
′i
tΛ = dtq
′i
Λ, (2.1.2)
where Λ = (t · · · t) denotes a multi-index of length |Λ| and
dt = ∂t + q
i
t∂i + q
i
tt∂
t
i + · · ·+ q
i
tΛ∂
Λ
i + · · ·
is the total derivative.
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Let O∗r = O
∗(JrQ) be a graded differential algebra of exterior forms on a jet manifold
JrQ. The inverse sequence (2.1.1) of jet manifolds yields the direct sequence of differential
graded algebras O∗r :
O∗(Q)
π10
∗
−→O∗1 −→ · · ·O
∗
r−1
πrr−1
∗
−→O∗r −→ · · · , (2.1.3)
where πrr−1
∗ are the pull-back monomorphisms. Its direct limit
O∗∞Q =
→
limO∗r (2.1.4)
(or, simply, O∗∞) consists of all exterior forms on finite order jet manifolds modulo the
pull-back identification. In particular, O0∞ is the ring of all smooth functions on finite
order jet manifolds. The O∗∞ (2.1.4) is a differential graded algebra which inherits the
operations of the exterior differential d and exterior product ∧ of exterior algebras O∗r .
Theorem 2.1.1: The cohomology H∗(O∗∞) of the de Rham complex
0 −→ R −→ O0∞
d
−→O1∞
d
−→· · · (2.1.5)
of the differential graded algebra O∗∞ equals the de Rham cohomology H
∗
DR(Q) of a fibre
bundle Q [14]. ✷
Corollary 2.1.2: Since Q (1.1.1) is a trivial fibre bundle over R, the de Rham cohomol-
ogy H∗(O∗∞) of Q equals the de Rham cohomology of its typical fibre M in accordance
with the well-known Ku¨nneth formula. Therefore, the cohomology H∗(O∗∞) of the de
Rham complex (2.1.5) equals the de Rham cohomology H∗DR(M) of M . ✷
Since elements of the differential graded algebra O∗∞ (2.1.4) are exterior forms on finite
order jet manifolds, this O0∞-algebra is locally generated by the horizontal form dt and
contact one-forms
θiΛ = dq
i
Λ − q
i
tΛdt.
Moreover, there is the canonical decomposition
O∗∞ = ⊕O
k,m
∞ , m = 0, 1,
of O∗∞ into O
0
∞-modules O
k,m
∞ of k-contact and (m = 0, 1)-horizontal forms together with
the corresponding projectors
hk : O
∗
∞ → O
k,∗
∞ , h
m : O∗∞ → O
∗,m
∞ .
Accordingly, the exterior differential on O∗∞ is decomposed into the sum d = dV + dH of
the vertical differential
dV : O
k,m
∞ → O
k+1,m
∞ , dV ◦ h
m = hm ◦ d ◦ hm,
dV (φ) = θ
i
Λ ∧ ∂
Λ
i φ, φ ∈ O
∗
∞,
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and the total differential
dH : O
k,m
∞ → O
k,m+1
∞ , dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d,
dH(φ) = dt ∧ dtφ, φ ∈ O
∗
∞. (2.1.6)
These differentials obey the nilpotent conditions
dH ◦ dH = 0, dV ◦ dV = 0, dH ◦ dV + dV ◦ dH = 0,
and make O∗,∗∞ into a bicomplex.
One introduces the following two additional operators acting on O∗,n∞ .
(i) There exists an R-module endomorphism
̺ =
∑
k>0
1
k
̺ ◦ hk ◦ h
1 : O∗>0,1∞ → O
∗>0,1
∞ , (2.1.7)
̺(φ) =
∑
0≤|Λ|
(−1)|Λ|θi ∧ [dΛ(∂
Λ
i ⌋φ)], φ ∈ O
>0,1
∞ ,
possessing the following properties.
Lemma 2.1.3: For any φ ∈ O>0,1∞ , the form φ−̺(φ) is locally dH-exact on each coordinate
chart (2.1.2). The operator ̺ obeys the relation
(̺ ◦ dH)(ψ) = 0, ψ ∈ O
>0,0
∞ . (2.1.8)
✷
It follows from Lemma 2.1.3 that ̺ (2.1.7) is a projector, i.e., ̺ ◦ ̺ = ̺.
(ii) One defines the variational operator
δ = ̺ ◦ d : O∗,1∞ → O
∗+1,1
∞ . (2.1.9)
Lemma 2.1.4: The variational operator δ (2.1.9) is nilpotent, i.e., δ ◦ δ = 0, and it obeys
the relation
δ ◦ ̺ = δ. (2.1.10)
✷
With operators ̺ (2.1.7) and δ (2.1.9), the bicomplex O∗,∗ is brought into the varia-
tional bicomplex. Let us denote Ek = ̺(O
k,1
∞ ). We have
...
...
...
dV ✻ dV ✻ −δ✻
0→ O1,0∞
dH→ O1,1∞
̺
→ E1 → 0
dV ✻ dV ✻ −δ✻
0→R→ O0∞
dH→ O0,1∞ ≡ O
0,1
∞
(2.1.11)
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This variational bicomplex possesses the following cohomology [14].
Theorem 2.1.5: The bottom row and the last column of the variational bicomplex
(2.1.11) make up the variational complex
0→ R→ O0∞
dH−→O0,1∞
δ
−→E1
δ
−→E2 −→· · · . (2.1.12)
Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle Q and, con-
sequently, the de Rham cohomology of its typical fibre M (Corollary 2.1.2). ✷
Theorem 2.1.6: The rows of contact forms of the variational bicomplex (2.1.11) are
exact sequences. ✷
Note that Theorem 2.1.6 gives something more. Due to the relations (2.1.6) and
(2.1.10), we have the cochain morphism
O0∞
d
→ O1∞
d
→ O2∞
d
→ O3∞ → · · ·
h0
❄
h0
❄
̺
❄
̺
❄
O0,0∞
dH→ O0,1∞
δ
→ E1
δ
→ E2 −→· · ·
of the de Rham complex (2.1.5) of the differential graded algebra O∗∞ to its variational
complex (2.1.12). By virtue of Theorems 2.1.1 and 2.1.5, the corresponding homomor-
phism of their cohomology groups is an isomorphism. A consequence of this fact is the
following.
Theorem 2.1.7: Any δ-closed form φ ∈ Ok,1, k = 0, 1, is split into the sum
φ = h0σ + dHξ, k = 0, ξ ∈ O
0,0
∞ , (2.1.13)
φ = ̺(σ) + δ(ξ), k = 1, ξ ∈ O0,1∞ , (2.1.14)
where σ is a closed (1 + k)-form on Q. ✷
In Lagrangian formalism on a fibre bundle Q → R, a finite order Lagrangian and its
Lagrange operator are defined as elements
L = Ldt ∈ O0,1∞ , (2.1.15)
EL = δL = Eiθ
i ∧ dt ∈ E1, (2.1.16)
Ei =
∑
0≤|Λ|
(−1)|Λ|dΛ(∂
Λ
i L), (2.1.17)
of the variational complex (2.1.12). Components Ei (2.1.17) of the Lagrange operator
(2.1.16) are called the variational derivatives. Elements of E1 are called the Lagrange-
type operators.
We agree to call a pair (O∗∞, L) the Lagrangian system.
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Corollary 2.1.8: A finite order Lagrangian L (2.1.15) is variationally trivial, i.e.,
δ(L) = 0 iff
L = h0σ + dHξ, ξ ∈ O
0,0
∞ , (2.1.18)
where σ is a closed one-form on Q. ✷
Corollary 2.1.9: A finite order Lagrange-type operator E ∈ E1 satisfies the Helmholtz
condition δ(E) = 0 iff
E = δL+ ̺(σ), L ∈ O0,1∞ , (2.1.19)
where σ is a closed two-form on Q. ✷
Given a Lagrangian L (2.1.15) and its Lagrange operator δL (2.1.16), the kernel
Ker δL ⊂ J2rQ of δL is called the Lagrange equation. It is locally given by the equalities
Ei =
∑
0≤|Λ|
(−1)|Λ|dΛ(∂
Λ
i L) = 0. (2.1.20)
However, it may happen that the Lagrange equation is not a differential equation in
accordance with Definition 4.2.3 because Ker δL need not be a closed subbundle of J2rQ→
R.
Example 2.1.1: Let Q = R2 → R be a configuration space, coordinated by (t, q). The
corresponding velocity phase space J1Q is equipped with the adapted coordinates (t, q, qt). The
Lagrangian
L =
1
2
q2q2t dt
on J1Q leads to the Lagrange operator
EL = [qq
2
t − dt(q
2qt)]dq ∧ dt
whose kernel is not a submanifold at the point q = 0. ♦
Theorem 2.1.10: Owing to the exactness of the row of one-contact forms of the varia-
tional bicomplex (2.1.11) at the term O1,1∞ , there is the decomposition
dL = δL− dHL, (2.1.21)
where a one-form L is a Lepage equivalent of a Lagrangian L [14]. ✷
Let us restrict our consideration to first order Lagrangian theory on a fibre bundle
Q→ R. This is the case of Lagrangian non-relativistic mechanics.
A first order Lagrangian is defined as a density
L = Ldt, L : J1Q→ R, (2.1.22)
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on a velocity space J1Q. The corresponding second-order Lagrange operator (2.1.16)
reads
δL = (∂iL − dt∂
t
iL)θ
i ∧ dt. (2.1.23)
Let us further use the notation
πi = ∂
t
iL, πji = ∂
t
j∂
t
iL. (2.1.24)
The kernel Ker δL ⊂ J2Q of the Lagrange operator defines the second order Lagrange
equation
(∂i − dt∂
t
i)L = 0. (2.1.25)
Its solutions are (local) sections c of the fibre bundle Q → R whose second order jet
prolongations c¨ live in (2.1.25). They obey the equations
∂iL ◦ c˙−
d
dt
(πi ◦ c˙) = 0. (2.1.26)
Definition 2.1.11: Given a Lagrangian L, a holonomic connection
ξL = ∂t + q
i
t∂i + ξ
i∂ti
on the jet bundle J1Q→ R is said to be the Lagrangian connection if it takes its values
into the kernel of the Lagrange operator δL, i.e., if it satisfies the relation
∂iL − ∂tπi − q
j
t∂jπi − ξ
jπji = 0. (2.1.27)
✷
A Lagrangian connection need not be unique.
Let us bring the relation (2.1.27) into the form
∂iL − dtπi + (q
i
tt − ξ
j)πji = 0. (2.1.28)
If a Lagrangian connection ξL exists, it defines the second order dynamic equation
qitt = ξL (2.1.29)
on Q→ R, whose solutions also are solutions of the Lagrange equation (2.1.25) by virtue
of the relation (2.1.28). Conversely, since the jet bundle J2Q → J1Q is affine, every
solution c of the Lagrange equation also is an integral section for a holonomic connection
ξ, which is a global extension of the local section J1c(R)→ J2c(R) of this jet bundle over
the closed imbedded submanifold J1c(R) ⊂ J1Q. Hence, every solution of the Lagrange
equation also is a solution of some second order dynamic equation, but it is not necessarily
a Lagrangian connection.
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Every first order Lagrangian L (2.1.22) yields the bundle morphism
L̂ : J1Q −→
Q
V ∗Q, pi ◦ L̂ = πi, (2.1.30)
where (t, qi, pi) are holonomic coordinates on the vertical cotangent bundle V
∗Q ofQ→ R.
This morphism is called the Legendre map, and
πΠ : V
∗Q→ Q, (2.1.31)
is called the Legendre bundle. As was mentioned above, the vertical cotangent bundle
V ∗Q plays a role of the phase space of mechanics on a configuration space Q→ R. The
range NL = L̂(J
1Q) of the Legendre map (2.1.30) is called the Lagrangian constraint
space.
Definition 2.1.12: A Lagrangian L is said to be:
• hyperregular if the Legendre map L̂ is a diffeomorphism;
• regular if L̂ is a local diffeomorphism, i.e., det(πij) 6= 0;
• semiregular if the inverse image L̂−1(p) of any point p ∈ NL is a connected subman-
ifold of J1Q;
• almost regular if a Lagrangian constraint space NL is a closed imbedded subbundle
iN : NL → V
∗Q of the Legendre bundle V ∗Q→ Q and the Legendre map
L̂ : J1Q→ NL (2.1.32)
is a fibred manifold with connected fibres (i.e., a Lagrangian is semiregular). ✷
Remark 2.1.2: A glance at the equation (2.1.27) shows that a regular Lagrangian L admits
a unique Lagrangian connection
ξL = (pi
−1)ij(−∂iL+ ∂tpii + q
k
t ∂kpii). (2.1.33)
In this case, the Lagrange equation (2.1.25) for L is equivalent to the second order dynamic
equation associated to the Lagrangian connection (2.1.33). ♦
2.2 Cartan and Hamilton–De Donder equations
Given a first order Lagrangian L, its Lepage equivalent L in the decomposition (2.1.21)
is the Poincare´–Cartan form
HL = πidq
i − (πiq
i
t −L)dt (2.2.1)
(see the notation (2.1.24)). This form takes its values into the subbundle J1Q×
Q
T ∗Q of
T ∗J1Q. Hence, we have a morphism
ĤL : J
1Q→ T ∗Q, (2.2.2)
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whose range
ZL = ĤL(J
1Q) (2.2.3)
is an imbedded subbundle iL : ZL → T
∗Q of the cotangent bundle T ∗Q. This morphism is
called the homogeneous Legendre map. Let (t, qi, p0, pi) denote the holonomic coordinates
of T ∗Q possessing transition functions
p′i =
∂qj
∂q′i
pj, p
′
0 =
(
p0 +
∂qj
∂t
pj
)
. (2.2.4)
With respect to these coordinates, the morphism ĤL (2.2.2) reads
(p0, pi) ◦ ĤL = (L − q
i
tπi, πi).
A glance at the transition functions (2.2.4) shows that T ∗Q is a one-dimensional affine
bundle
ζ : T ∗Q→ V ∗Q (2.2.5)
over the vertical cotangent bundle V ∗Q (cf. (4.1.19)). Moreover, the Legendre map L̂
(2.1.30) is exactly the composition of morphisms
L̂ = ζ ◦HL : J
1Q →
Q
V ∗Q. (2.2.6)
It is readily observed that the Poincare´–Cartan form HL (2.2.1) also is the Poincare´–
Cartan form HL = HL˜ of the first order Lagrangian
L˜ = ĥ0(HL) = (L+ (q
i
(t) − q
i
t)πi)dt, ĥ0(dq
i) = qi(t)dt, (2.2.7)
on the repeated jet manifold J1J1Y [8, 14]. The Lagrange operator for L˜ (called the
Lagrange–Cartan operator) reads
δL˜ = [(∂iL − d̂tπi + ∂iπj(q
j
(t) − q
j
t ))dq
i + ∂tiπj(q
j
(t) − q
j
t )dq
i
t] ∧ dt. (2.2.8)
Its kernel Ker δL ⊂ J1J1Q defines the Cartan equation
∂tiπj(q
j
(t) − q
j
t ) = 0, (2.2.9)
∂iL − d̂tπi + ∂iπj(q
j
(t) − q
j
t ) = 0 (2.2.10)
on J1Q. Since δL˜|J2Q = δL, the Cartan equation (2.2.9) – (2.2.10) is equivalent to the
Lagrange equation (2.1.25) on integrable sections of J1Q→ X . It is readily observed that
these equations are equivalent if a Lagrangian L is regular.
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The Cartan equation (2.2.9) – (2.2.10) on sections c : R → J1Q is equivalent to the
relation
c∗(u⌋dHL) = 0, (2.2.11)
which is assumed to hold for all vertical vector fields u on J1Q→ R.
The cotangent bundle T ∗Q admits the Liouville form
Ξ = p0dt+ pidq
i. (2.2.12)
Accordingly, its imbedded subbundle ZL (2.2.3) is provided with the pull-back De Donder
form ΞL = i
∗
LΞ. There is the equality
HL = Ĥ
∗
LΞL = Ĥ
∗
L(i
∗
LΞ). (2.2.13)
By analogy with the Cartan equation (2.2.11), the Hamilton–De Donder equation for
sections r of ZL → R is written as
r∗(u⌋dΞL) = 0, (2.2.14)
where u is an arbitrary vertical vector field on ZL → R.
Theorem 2.2.1: Let the homogeneous Legendre map ĤL be a submersion. Then a
section c of J1Q→ R is a solution of the Cartan equation (2.2.11) iff ĤL ◦ c is a solution
of the Hamilton–De Donder equation (2.2.14), i.e., the Cartan and Hamilton–De Donder
equations are quasi-equivalent [14, 16]. ✷
2.3 Lagrangian and Newtonian systems
Let L be a Lagrangian on a velocity space J1Q and L̂ the Legendre map (2.1.30). Due
to the vertical splitting (4.1.27) of V V ∗Q, the vertical tangent map V L̂ to L̂ reads
V L̂ : VQJ
1Q→ V ∗Q×
Q
V ∗Q.
It yields the linear bundle morphism
m̂ = (IdJ1Q, pr2 ◦ V L̂) : VQJ
1Q→ V ∗QJ
1Q, m̂ : ∂ti 7→ πijdq
j
t , (2.3.1)
and consequently a fibre metric
m : J1Q→
2
∨
J1Q
V ∗QJ
1Q
in the vertical tangent bundle VQJ
1Q→ J1Q. This fibre metric m obviously satisfies the
symmetry condition (1.9.2).
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Let a Lagrangian L be regular. Then the fibre metric m (2.3.1) is non-degenerate.
In accordance with Remark 2.1.2, if a Lagrangian L is regular, there exists a unique
Lagrangian connection ξL for L which obeys the equality
mikξ
k
L + ∂tπi + ∂jπiq
j
t − ∂iL = 0. (2.3.2)
The derivation of this equality with respect to qjt results in the relation (1.9.3). Thus,
any regular Lagrangian L defines a Newtonian system characterized by the mass tensor
mij = πij .
Now let us investigate the conditions for a Newtonian system to be the Lagrangian
one.
The equation (1.9.4) is the kernel of the second order differential Lagrange type oper-
ator
E : J2Q→ V ∗Q, E = mik(ξ
k − qktt)θ
i ∧ dt. (2.3.3)
A glance at the variational complex (2.1.12) shows that this operator is a Lagrange oper-
ator of some Lagrangian only if it obeys the Helmholtz condition
δ(Eiθ
i ∧ dt) = [(2∂j − dt∂
t
j + d
2
t∂
tt
j )Eiθ
j ∧ θi +
(∂tjEi + ∂
t
iEj − 2dt∂
tt
j Ei)θ
i
t ∧ θ
j + (∂ttj Ei − ∂
tt
i Ej)θ
j
tt ∧ θ
i] ∧ dt = 0.
This condition falls into the equalities
∂jEi − ∂iEj +
1
2
dt(∂
t
iEj − ∂
t
jEi) = 0, (2.3.4)
∂tjEi + ∂
t
iEj − 2dt∂
tt
j Ei = 0, (2.3.5)
∂ttj Ei − ∂
tt
i Ej = 0. (2.3.6)
It is readily observed, that the condition (2.3.6) is satisfied since the mass tensor is
symmetric. The condition (2.3.5) holds due to the equality (1.9.3) and the property
(1.9.2). Thus, it is necessary to verify the condition (2.3.4) for a Newtonian system to be
a Lagrangian one. If this condition holds, the operator E (2.3.3) takes the form (2.1.19) in
accordance with Corollary 2.1.9. If the second de Rham cohomology of Q (or, equivalently,
M) vanishes, this operator is a Lagrange operator.
Example 2.3.1: Let us consider a one-dimensional motion of a point mass m0 subject to
friction. It is described by the equation
m0qtt = −kqt, k > 0, (2.3.7)
on the configuration space R2 → R coordinated by (t, q). This mechanical system is character-
ized by the mass function m = m0 and the holonomic connection
ξ = ∂t + qt∂q −
k
m
qt∂
t
q, (2.3.8)
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but it is neither a Newtonian nor a Lagrangian system. The conditions (2.3.4) and (2.3.6) are
satisfied for an arbitrary mass function m(t, q, qt), whereas the conditions (1.9.3) and (2.3.5)
take the form
−kqt∂
t
qm− km+ ∂tm+ qt∂qm = 0. (2.3.9)
The mass function m = const. fails to satisfy this relation. Nevertheless, the equation (2.3.9)
has a solution
m = m0 exp
[
k
m0
t
]
. (2.3.10)
The mechanical system characterized by the mass function (2.3.10) and the holonomic connection
(2.3.8) is both a Newtonian and Lagrangian system with the Havas Lagrangian
L =
1
2
m0 exp
[
k
m0
t
]
q2t (2.3.11)
[38]. The corresponding Lagrange equation is equivalent to the equation of motion (2.3.7). ♦
In conclusion, let us mention mechanical systems whose motion equations are Lagrange
equations plus additional non-Lagrangian external forces. They read
(∂i − dt∂
t
i)L+ fi(t, q
j , qjt ) = 0. (2.3.12)
Let a Lagrangian system be the Newtonian one, and let an external force f satisfy the
condition (1.9.8). Then the equation (2.3.12) describe a Newtonian system.
2.4 Lagrangian conservation laws
In Lagrangian mechanics, integrals of motion come from variational symmetries of a La-
grangian (Theorem 2.4.8) in accordance with the first Noether theorem (Theorem 2.4.6).
However, not all integrals of motion are of this type (Example 2.4.5).
2.4.1 Generalized vector fields
Given a Lagrangian system (O∗∞, L) on a fibre bundle Q → R, its infinitesimal transfor-
mations are defined to be contact derivations of the real ring O0∞ [11, 14, 15].
Let us consider the O0∞-module dO
0
∞ of derivations of the real ring O
0
∞. This module
is isomorphic to the O0∞-dual (O
1
∞)
∗ of the module of one-forms O1∞. Let ϑ⌋φ, ϑ ∈ dO
0
∞,
φ ∈ O1∞, be the corresponding interior product. Extended to a differential graded algebra
O∗∞, it obeys the rule (4.1.42).
Restricted to the coordinate chart (2.1.2), any derivation of a real ring O0∞ takes the
coordinate form
ϑ = ϑt∂t + ϑ
i∂i +
∑
0<|Λ|
ϑiΛ∂
Λ
i ,
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where
∂Λi (q
j
Σ) = ∂
Λ
i ⌋dq
j
Σ = δ
j
i δ
Λ
Σ.
Not considering time reparametrization, we can restrict our consideration to derivations
ϑ = ut∂t + ϑ
i∂i +
∑
0<|Λ|
ϑiΛ∂
Λ
i , u
t = 0, 1. (2.4.1)
Their coefficients ϑi, ϑiΛ possess the transformation law
ϑ′i =
∂q′i
∂qj
ϑj +
∂q′i
∂t
ut, ϑ′iΛ =
∑
|Σ|≤|Λ|
∂q′iΛ
∂qjΣ
ϑjΣ +
∂q′iΛ
∂t
ut.
Any derivation ϑ (2.4.1) of a ring O0∞ yields a derivation (a Lie derivative) Lϑ of a
differential graded algebra O∗∞ which obeys the relations (4.1.43) – (4.1.44).
A derivation ϑ ∈ dO0∞ (2.4.1) is called contact if the Lie derivative Lϑ preserves an
ideal of contact forms of a differential graded algebra O∗∞, i.e., the Lie derivative Lϑ of a
contact form is a contact form.
Lemma 2.4.1: A derivation ϑ (2.4.1) is contact iff it takes the form
ϑ = ut∂t + u
i∂i +
∑
0<|Λ|
[dΛ(u
i − qitu
t) + qitΛu
t]∂Λi . (2.4.2)
✷
A glance at the expression (2.4.2) enables one to regard a contact derivation ϑ as an
infinite order jet prolongation ϑ = J∞u of its restriction
u = ut∂t + u
i(t, qi, qiΛ)∂i, u
t = 1, 0, (2.4.3)
to a ring C∞(Q). Since coefficients ui of u (2.4.3) generally depend on jet coordinates qiΛ,
0 < |Λ| ≤ r, one calls u (2.4.3) the generalized vector field. It can be represented as a
section of the pull-back bundle
JrQ×
Q
TQ→ JrQ.
In particular, let u (2.4.3) be a vector field
u = ut∂t + u
i(t, qi)∂i, u
t = 0, 1, (2.4.4)
on a configuration space Q→ R. One can think of this vector field as being an infinitesimal
generator of a local one-parameter group of local automorphisms of a fibre bundle Q→ R.
If ut = 0, the vertical vector field (2.4.4) is an infinitesimal generator of a local one-
parameter group of local vertical automorphisms of Q → R. If ut = 1, the vector field u
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(2.4.4) is projected onto the standard vector field ∂t on a base R which is an infinitesimal
generator of a group of translations of R.
Any contact derivation ϑ (2.4.2) admits the horizontal splitting
ϑ = ϑH + ϑV = u
tdt +
uiV ∂i + ∑
0<|Λ|
dΛu
i
V ∂
Λ
i
 , (2.4.5)
u = uH + uV = u
t(∂t + q
i
t∂i) + (u
i − qitu
t)∂i. (2.4.6)
Lemma 2.4.2: Any vertical contact derivation
ϑ = ui∂i +
∑
0<|Λ|
dΛu
i∂Λi (2.4.7)
obeys the relations
ϑ⌋dHφ = −dH(ϑ⌋φ), Lϑ(dHφ) = dH(Lϑφ), φ ∈ O
∗
∞. (2.4.8)
✷
We restrict our consideration to first order Lagrangian mechanics. In this case, contact
derivations (2.1.1) can be reduced to the first order jet prolongation
ϑ = J1u = ut∂t + u
i∂i + dtu
i∂ti (2.4.9)
of the generalized vector fields u (2.4.3).
2.4.2 First Noether theorem
Let L be a Lagrangian (2.1.22) on a velocity space J1Q. Let us consider its Lie derivative
LϑL along the contact derivation ϑ (2.4.9).
Theorem 2.4.3: The Lie derivative LϑL fulfils the first variational formula
LJ1uL = uV ⌋δL+ dH(u⌋HL), (2.4.10)
where L = HL is the Poincare´–Cartan form (2.2.1). Its coordinate expression reads
[ut∂t + u
i∂i + dtu
i∂ti ]L = (u
i − qitu
t)Ei + dt[πi(u
i − utqit) + u
tL]. (2.4.11)
✷
The generalized vector field u (2.4.3) is said to be the variational symmetry of a
Lagrangian L if the Lie derivative LJ1uL is dH-exact, i.e.,
LJ1uL = dHσ. (2.4.12)
Variational symmetries of L constitute a real vector space which we denote GL.
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Proposition 2.4.4: A glance at the first variational formula (2.4.11) shows that a
generalized vector field u is a variational symmetry iff the exterior form
uV ⌋δL = (u
i − qitu
t)Eidt (2.4.13)
is dH-exact. ✷
Proposition 2.4.5: The generalized vector field u (2.4.3) is a variational symmetry of
a Lagrangian L iff its vertical part uV (2.4.6) also is a variational symmetry. ✷
Proof: A direct computation shows that
LJ1uL = LJ1uV L+ dH(u
tL). (2.4.14)
QED
A corollary of the first variational formula (2.4.10) is the first Noether theorem.
Theorem 2.4.6: If a contact derivation ϑ (2.4.2) is a variational symmetry (2.4.12) of a
Lagrangian L, the first variational formula (2.4.10) restricted to the kernel of the Lagrange
operator Ker δL yields a weak conservation law
0 ≈ dH(u⌋HL − σ), (2.4.15)
0 ≈ dt(πi(u
i − utqit) + u
tL − σ), (2.4.16)
of the generalized symmetry current
Tu = u⌋HL − σ = πi(u
i − utqit) + u
tL − σ (2.4.17)
along a generalized vector field u. The generalized symmetry current (2.4.17) obviously
is defined with the accuracy of a constant summand. ✷
The weak conservation law (2.4.15) on the shell δL = 0 is called the Lagrangian
conservation law. It leads to the differential conservation law (1.10.2):
0 =
d
dt
[Tu ◦ J
r+1c],
on solutions c of the Lagrange equation (2.1.26).
Proposition 2.4.7: Let u be a variational symmetry of a Lagrangian L. By virtue of
Proposition 2.4.5, its vertical part uV is so. It follows from the equality (2.4.14) that the
conserved generalized symmetry current Tu (2.4.17) along u equals that TuV along uV . ✷
A glance at the conservation law (2.4.16) shows the following.
Theorem 2.4.8: If a variational symmetry u is a generalized vector field independent of
higher order jets qiΛ, |Λ| > 1, the conserved generalized current Tu (2.4.17) along u plays
a role of an integral of motion. ✷
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Therefore, we further restrict our consideration to variational symmetries at most of
first jet order for the purpose of obtaining integrals of motion. However, it may happen
that a Lagrangian system possesses integrals of motion which do not come from variational
symmetries (Example 2.4.5).
A variational symmetry u of a Lagrangian L is called its exact symmetry if
LJ1uL = 0. (2.4.18)
In this case, the first variational formula (2.4.10) takes the form
0 = uV ⌋δL+ dH(u⌋HL). (2.4.19)
It leads to the weak conservation law (2.4.15):
0 ≈ dtTu, (2.4.20)
of the symmetry current
Tu = u⌋HL = πi(u
i − utqit) + u
tL (2.4.21)
along a generalized vector field u.
Remark 2.4.1: In accordance with the standard terminology, if variational and exact symme-
tries are generalized vector fields (2.4.3), they are called generalized symmetries [3, 7, 20, 36].
Accordingly, by variational and exact symmetries one means only vector fields u (2.4.4) on Q.
We agree to call them classical symmetries. Classical exact symmetries are symmetries of a
Lagrangian, and they are named the Lagrangian symmetries. ♦
Remark 2.4.2: Let us describe the relation between symmetries of a Lagrangian and and
symmetries of the corresponding Lagrange equation. Let u be the vector field (2.4.4) and
J2u = ut∂t + u
i∂i + dtu
i∂ti + dttu
i∂tti
its second order jet prolongation. Given a Lagrangian L on J1Q, the relation
LJ2uδL = δ(LJ1uL) (2.4.22)
holds [8, 36]. Note that this equality need not be true in the case of a generalized vector field u.
A vector field u is called the local variational symmetry of a Lagrangian L if the Lie derivative
LJ1uL of L along u is variationally trivial, i.e.,
δ(LJ1uL) = 0.
Then it follows from the equality (2.4.22) that a local (classical) variational symmetry of L also
is a symmetry of the Lagrange operator δL, i.e.,
LJ2uδL = 0,
and vice versa. Consequently, any local classical variational symmetry u of a Lagrangian L is a
symmetry of the Lagrange equation (2.1.25) in accordance with Proposition 1.10.5. By virtue
of Theorem 2.1.5, any local classical variational symmetry is a classical variational symmetry if
a typical fibre M of Q is simply connected. ♦
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2.4.3 Noether conservation laws
It is readily observed that the first variational formula (2.4.11) is linear in a generalized
vector field u. Therefore, one can consider superposition of the identities (2.4.11) for
different generalized vector fields.
For instance, if u and u′ are generalized vector fields (2.4.3), projected onto the stan-
dard vector field ∂t on R, the difference of the corresponding identities (2.4.11) results in
the first variational formula (2.4.11) for the vertical generalized vector field u− u′.
Conversely, every generalized vector field u (2.4.4), projected onto ∂t, can be written
as the sum
u = Γ + v (2.4.23)
of some reference frame
Γ = ∂t + Γ
i∂i (2.4.24)
and a vertical generalized vector field v on Q.
It follows that the first variational formula (2.4.11) for the generalized vector field u
(2.4.4) can be represented as a superposition of those for a reference frame Γ (2.4.24) and
a vertical generalized vector field v.
If u = v is a vertical generalized vector field, the first variational formula (2.4.11) reads
(vi∂i + dtv
i∂ti)L = v
iEi + dt(πiv
i).
If v is an exact symmetry of L, we obtain from (2.4.20) the weak conservation law
0 ≈ dt(πiv
i). (2.4.25)
By analogy with field theory [14, 15], it is called the Noether conservation law of the
Noether current
Tv = πiv
i. (2.4.26)
If a generalized vector field v is independent of higher order jets qiΛ, |Λ| > 1, the Noether
current (2.4.26) is an integral of motion by virtue of Theorem 2.4.8.
Example 2.4.3: Let us consider a free motion on a configuration space Q. It is described by
a Lagrangian
L =
(
1
2
mijq
i
tq
j
t
)
dt, mij = const., (2.4.27)
written with respect to a reference frame (t, qi) such that the free motion dynamic equation
takes the form (1.7.1). This Lagrangian admits dimQ − 1 independent integrals of motion pii.
♦
2.4. LAGRANGIAN CONSERVATION LAWS 49
Example 2.4.4: Let us consider a point mass in the presence of a central potential. Its
configuration space is
Q = R×R3 → R (2.4.28)
endowed with the Cartesian coordinates (t, qi). A Lagrangian of this mechanical system reads
L =
1
2
(∑
i
(qit)
2
)
− V (r), r =
(∑
i
(qi)2
)1/2
. (2.4.29)
The vector fields
vab = q
a∂b − q
b∂a (2.4.30)
are infinitesimal generators of the group SO(3) acting in R3. Their jet prolongation (2.4.9) reads
J1vab = q
a∂b − q
b∂a + q
a
t ∂
t
b − q
b
t∂
t
a. (2.4.31)
It is readily observed that vector fields (2.4.30) are symmetries of the Lagrangian (2.4.29). The
corresponding conserved Noether currents (2.4.26) are orbital momenta
Mab = T
b
a = (q
apib − q
bpia) = q
aqbt − q
bqat . (2.4.32)
They are integrals of motion, which however fail to be independent. ♦
Example 2.4.5: Let us consider the Lagrangian system in Example 2.4.4 where
V (r) = −
1
r
(2.4.33)
is the Kepler potential. This Lagrangian system possesses the integrals of motion
Aa =
∑
b
(qaqbt − q
bqat )q
b
t −
qa
r
, (2.4.34)
besides the orbital momenta (2.4.32). They are components of the Rung–Lenz vector. There is
no Lagrangian symmetry whose generalized symmetry currents are Aa (2.4.34). ♦
2.4.4 Energy conservation laws
In the case of a reference frame Γ (2.4.24), where ut = 1, the first variational formula
(2.4.11) reads
(∂t + Γ
i∂i + dtΓ
i∂ti)L = (Γ
i − qit)Ei − dt(πi(q
i
t − Γ
i)− L), (2.4.35)
where
EΓ = −TΓ = πi(q
i
t − Γ
i)−L (2.4.36)
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is the energy function relative to a reference frame Γ [5, 15, 27, 40].
With respect to the coordinates adapted to a reference frame Γ, the first variational
formula (2.4.35) takes the form
∂tL = (Γ
i − qit)Ei − dt(πiq
i
t − L), (2.4.37)
and EΓ (2.4.36) coincides with the canonical energy function
EL = πiq
i
t − L.
A glance at the expression (2.4.37) shows that the vector field Γ (2.4.24) is an exact
symmetry of a Lagrangian L iff, written with respect to coordinates adapted to Γ, this
Lagrangian is independent on the time t. In this case, the energy function EΓ (2.4.37)
relative to a reference frame Γ is conserved:
0 ≈ −dtEΓ. (2.4.38)
It is an integral of motion in accordance with Theorem 2.4.8.
Example 2.4.6: Let us consider a free motion on a configuration space Q described by the
Lagrangian (2.4.27) written with respect to a reference frame (t, qi) such that the free motion
dynamic equation takes the form (1.7.1). Let Γ be the associated connection. Then the conserved
energy function EΓ (2.4.36) relative to this reference frame Γ is precisely the kinetic energy of
this free motion. With respect to arbitrary bundle coordinates (t, qi) on Q, it takes the form
EΓ = pii(q
i
t − Γ
i)−L =
1
2
mij(t, q
k)(qit − Γ
i)(qjt − Γ
j).
♦
Example 2.4.7: Let us consider a one-dimensional motion of a point mass m0 subject to
friction on the configuration space R2 → R, coordinated by (t, q) (Example 2.3.1). It is described
by the dynamic equation (2.3.7) which is the Lagrange equation for the Lagrangian L (2.3.11).
It is readily observed that the Lie derivative of this Lagrangian along the vector field
Γ = ∂t −
1
2
k
m0
q∂q (2.4.39)
vanishes. Consequently, we have the conserved energy function (2.4.36) with respect to the
reference frame Γ (2.4.39). This energy function reads
EΓ =
1
2
m0 exp
[
k
m0
t
]
qt(qt +
k
m0
q) =
1
2
mq˙2Γ −
mk2
8m20
q2,
where m is the mass function (2.3.10). ♦
Since any generalized vector field u (2.4.3) can be represented as the sum (2.4.23) of a
reference frame Γ (2.4.24) and a vertical generalized vector field v, the symmetry current
(2.4.21) along the generalized vector field u (2.4.4) is the difference
Tu = Tv −EΓ
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of the Noether current Tv (2.4.26) along the vertical generalized vector field v and the
energy function EΓ (2.4.36) relative to a reference frame Γ [5, 15, 40]. Conversely, energy
functions relative to different reference frames Γ and Γ′ differ from each other in the
Noether current along the vertical vector field Γ′ − Γ:
EΓ −EΓ′ = TΓ−Γ′.
One can regard this vector field Γ′−Γ as the relative velocity of a reference frame Γ′ with
respect to Γ.
2.5 Gauge symmetries
Treating gauge symmetries of Lagrangian field theory, one is traditionally based on an
example of the Yang–Mills gauge theory of principal connections on a principal bundle.
This notion of gauge symmetries is generalized to Lagrangian theory on an arbitrary fibre
bundle [13, 14], including mechanics on a fibre bundle Q→ R.
Definition 2.5.1: Let E → R be a vector bundle and E(R) the C∞(R) module of
sections χ of E → R. Let ζ be a linear differential operator on E(R) taking its values
into the vector space GL of variational symmetries of a Lagrangian L. Elements
uχ = ζ(χ) (2.5.1)
of Im ζ are called the gauge symmetry of a Lagrangian L parameterized by sections χ of
E → R. These sections are called the gauge parameters. ✷
Remark 2.5.1: The differential operator ζ in Definition 2.5.1 takes its values into the vector
space GL as a subspace of the C
∞(R)-module dO0∞, but it sends the C
∞(R)-module E(R) into
the real vector space GL ⊂ dO
0
∞. The differential operator ζ is assumed to be at least of first
order (Remark 2.5.2). ♦
Equivalently, the gauge symmetry (2.5.1) is given by a section ζ˜ of the fibre bundle
(JrQ×
Q
JmE)×
Q
TQ→ JrQ×
Q
JmE
(see Definition 4.2.4) such that
uχ = ζ(χ) = ζ˜ ◦ χ
for any section χ of E → R. Hence, it is a generalized vector field uζ on the product
Q×E represented by a section of the pull-back bundle
Jk(Q×
R
E)×
Q
T (Q×
R
E)→ Jk(Q×
R
E), k = max(r,m),
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which lives in
TQ ⊂ T (Q×E).
This generalized vector field yields the contact derivation J∞uζ (2.4.2) of the real ring
O0∞[Q×E] which obeys the following condition.
Given a Lagrangian
L ∈ O0,n∞ E ⊂ O
0,n
∞ [Q× E],
let us consider its Lie derivative
LJ∞uζL = J
∞uζ⌋dL+ d(J
∞uζ⌋L) (2.5.2)
where d is the exterior differential of O∗∞[Q× E]. Then for any section χ of E → R, the
pull-back χ∗LJ∞uζL is dH-exact.
It follows at once from the first variational formula (2.4.10) for the Lie derivative
(2.5.2) that the above mentioned condition holds only if uζ is projected onto a generalized
vector field on Q and, in this case, iff the density (uζ)V ⌋E is dH-exact (Proposition 2.4.4).
Thus, we come to the following equivalent definition of gauge symmetries.
Definition 2.5.2: Let E → R be a vector bundle. A gauge symmetry of a Lagrangian
L parameterized by sections χ of E → R is defined as a contact derivation ϑ = J∞u of
the real ring O0∞[Q×E] such that:
(i) it vanishes on the subring O0∞E,
(ii) the generalized vector field u is linear in coordinates χaΛ on J
∞E, and it is projected
onto a generalized vector field on Q, i.e., it takes the form
u = ∂t +
 ∑
0≤|Λ|≤m
uiΛa (t, q
j
Σ)χ
a
Λ
 ∂i, (2.5.3)
(iii) the vertical part of u (2.5.3) obeys the equality
uV ⌋δL = dHσ. (2.5.4)
✷
For the sake of convenience, the generalized vector field (2.5.3) also is called the gauge
symmetry. In accordance with Proposition 2.4.5, the u (2.5.3) is a gauge symmetry iff
its vertical part is so. Owing to this fact and Proposition 2.4.7, we can restrict our
consideration to vertical gauge symmetries
u =
 ∑
0≤|Λ|≤m
uiΛa (t, q
j
Σ)χ
a
Λ
 ∂i. (2.5.5)
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Gauge symmetries possess the following particular properties.
(i) Let E ′ → R be another vector bundle and ζ ′ a linear E(R)-valued differential
operator on a C∞(R)-module E ′(R) of sections of E ′ → R. Then
uζ′(χ′) = (ζ ◦ ζ
′)(χ′)
also is a gauge symmetry of L parameterized by sections χ′ of E ′ → R. It factorizes
through the gauge symmetry uχ (2.5.1).
(ii) Given a gauge symmetry, the corresponding conserved symmetry current Tu (2.4.17)
vanishes on-shell (Theorem 2.5.4 below).
(iii) The second Noether theorem associates to a gauge symmetry of a Lagrangian L
the Noether identities of its Lagrange operator δL.
Theorem 2.5.3: Let u (2.5.5) be a gauge symmetry of a Lagrangian L, then its Lagrange
operator δL obeys the Noether identities (2.5.6). ✷
Proof: The density (2.5.4) is variationally trivial and, therefore, its variational derivatives with
respect to variables χa vanish, i.e.,
Ea =
∑
0≤|Λ|
(−1)|Λ|dΛ(u
iΛ
a Ei) = 0. (2.5.6)
These are the Noether identities for the Lagrange operator δL [14]. QED
For instance, if the gauge symmetry u (2.5.3) is of second jet order in gauge parameters,
i.e.,
u = (uiaχ
a + uitaχ
a
t + u
itt
a χ
a
tt)∂i, (2.5.7)
the corresponding Noether identities (2.5.6) take the form
uiaEi − dt(u
it
aEi) + dtt(u
itt
a Ei) = 0. (2.5.8)
Remark 2.5.2: A glance at the expression (2.5.8) shows that, if a gauge symmetry is inde-
pendent of derivatives of gauge parameters (i.e., the differential operator ζ in Definition 2.5.1 is
of zero order), then all variational derivatives of a Lagrangian equals zero, i.e., this Lagrangian
is variationally trivial. Therefore, such gauge symmetries usually are not considered. ♦
If a Lagrangian L admits a gauge symmetry u (2.5.5), i.e., LJ1uL = σ, the weak
conservation law (2.4.16) of the corresponding generalized symmetry current Tu (2.4.17)
holds. We call it the gauge conservation law. Because gauge symmetries depend on
derivatives of gauge parameters, all gauge conservation laws in first order Lagrangian
mechanics possess the following peculiarity.
Theorem 2.5.4: If u (2.5.5) is a gauge symmetry of a first order Lagrangian L, the
corresponding conserved generalized symmetry current Tu (2.4.17) vanishes on-shell, i.e.,
Tu ≈ 0 [14, 15]. ✷
Note that the statement of Theorem 2.5.4 is a particular case of the fact that symmetry
currents of gauge symmetries in field theory are reduced to a superpotential [14, 42].
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Chapter 3
Hamiltonian mechanics
As was mentioned above, a phase space of non-relativistic mechanics is the vertical cotan-
gent bundle V ∗Q of its configuration space Q→ R. This phase space is provided with the
canonical Poisson structure (3.1.7). However, Hamiltonian mechanics on a phase space
V ∗Q is not familiar Poisson Hamiltonian theory on a Poisson manifold V ∗Q because all
Hamiltonian vector fields on V ∗Q are vertical. Hamiltonian mechanics on V ∗Q is formu-
lated as particular (polysymplectic) Hamiltonian formalism on fibre bundles [8, 14, 15, 27].
Its Hamiltonian is a section of the fibre bundle T ∗Q → V ∗Q (2.2.5). The pull-back of
the canonical Liouville form (2.2.12) on T ∗Q with respect to this section is a Hamilto-
nian one-form on V ∗Q. The corresponding Hamiltonian connection (3.1.20) on V ∗Q→ R
defines a first order Hamilton equations on V ∗Q.
Note that one can associate to any Hamiltonian system on V ∗Q an autonomous sym-
plectic Hamiltonian system on the cotangent bundle T ∗Q such that the corresponding
Hamilton equations on V ∗Q and T ∗Q are equivalent (Section 3.2). Moreover, a Hamilton
equations on V ∗Q also ia equivalent to the Lagrange equation of a certain first order
Lagrangian on a configuration space V ∗Q (Section 3.3).
Lagrangian and Hamiltonian formulations of mechanics fail to be equivalent, unless
a Lagrangian is hyperregular. The comprehensive relations between Lagrangian and Ha-
miltonian systems can be established in the case of almost regular Lagrangians (Section
3.4).
3.1 Hamiltonian formalism on Q→ R
As was mentioned above, a phase space of mechanics on a configuration space Q→ R is
the vertical cotangent bundle (2.1.31):
V ∗Q
πΠ−→Q
π
−→R,
of Q → R equipped with the holonomic coordinates (t, qi, pi = q˙i) with respect to the
fibre bases {dqi} for the bundle V ∗Q→ Q [15, 27].
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The cotangent bundle T ∗Q of the configuration space Q is endowed with the holonomic
coordinates (t, qi, p0, pi), possessing the transition functions (2.2.4). It admits the Liouville
form Ξ (2.2.12), the symplectic form
ΩT = dΞ = dp0 ∧ dt+ dpi ∧ dq
i, (3.1.1)
and the corresponding Poisson bracket
{f, g}T = ∂
0f∂tg − ∂
0g∂tf + ∂
if∂ig − ∂
ig∂if, f, g ∈ C
∞(T ∗Q). (3.1.2)
Provided with the structures (3.1.1) – (3.1.2), the cotangent bundle T ∗Q of Q plays a role
of the homogeneous phase space of Hamiltonian mechanics.
There is the canonical one-dimensional affine bundle (2.2.5):
ζ : T ∗Q→ V ∗Q. (3.1.3)
A glance at the transformation law (2.2.4) shows that it is a trivial affine bundle. Indeed,
given a global section h of ζ , one can equip T ∗Q with the global fibre coordinate
I0 = p0 − h, I0 ◦ h = 0, (3.1.4)
possessing the identity transition functions. With respect to the coordinates
(t, qi, I0, pi), i = 1, . . . , m, (3.1.5)
the fibration (3.1.3) reads
ζ : R× V ∗Q ∋ (t, qi, I0, pi)→ (t, q
i, pi) ∈ V
∗Q. (3.1.6)
Let us consider the subring of C∞(T ∗Q) which comprises the pull-back ζ∗f onto T ∗Q
of functions f on the vertical cotangent bundle V ∗Q by the fibration ζ (3.1.3). This
subring is closed under the Poisson bracket (3.1.2). Then by virtue of the well known
theorem, there exists the degenerate Poisson structure
{f, g}V = ∂
if∂ig − ∂
ig∂if, f, g ∈ C
∞(V ∗Q), (3.1.7)
on a phase space V ∗Q such that
ζ∗{f, g}V = {ζ
∗f, ζ∗g}T . (3.1.8)
The holonomic coordinates on V ∗Q are canonical for the Poisson structure (3.1.7).
With respect to the Poisson bracket (3.1.7), the Hamiltonian vector fields of functions
on V ∗Q read
ϑf = ∂
if∂i − ∂if∂
i, f ∈ C∞(V ∗Q). (3.1.9)
They are vertical vector fields on V ∗Q → R. Accordingly, the characteristic distribution
of the Poisson structure (3.1.7) is the vertical tangent bundle V V ∗Q ⊂ TV ∗Q of a fibre
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bundle V ∗Q → R. The corresponding symplectic foliation on the phase space V ∗Q
coincides with the fibration V ∗Q→ R.
It is readily observed that the ring C(V ∗Q) of Casimir functions on a Poisson manifold
V ∗Q consists of the pull-back onto V ∗Q of functions on R. Therefore, the Poisson algebra
C∞(V ∗Q) is a Lie C∞(R)-algebra.
Remark 3.1.1: The Poisson structure (3.1.7) can be introduced in a different way [15, 27].
Given any section h of the fibre bundle (3.1.3), let us consider the pull-back forms
Θ = h∗(Ξ ∧ dt) = pidq
i ∧ dt,
Ω = h∗(dΞ ∧ dt) = dpi ∧ dq
i ∧ dt (3.1.10)
on V ∗Q. They are independent of the choice of h. With Ω (3.1.10), the Hamiltonian vector
field ϑf (3.1.9) for a function f on V
∗Q is given by the relation
ϑf⌋Ω = −df ∧ dt,
while the Poisson bracket (3.1.7) is written as
{f, g}V dt = ϑg⌋ϑf ⌋Ω.
Moreover, one can show that a projectable vector field ϑ on V ∗Q such that ϑ⌋dt =const. is a
canonical vector field for the Poisson structure (3.1.7) iff
LϑΩ = d(ϑ⌋Ω) = 0. (3.1.11)
♦
In contrast with autonomous Hamiltonian mechanics, the Poisson structure (3.1.7)
fails to provide any dynamic equation on a fibre bundle V ∗Q → R because Hamiltonian
vector fields (3.1.9) of functions on V ∗Q are vertical vector fields, but not connections
on V ∗Q → R (see Definition 1.3.1). Hamiltonian dynamics on V ∗Q is described as a
particular Hamiltonian dynamics on fibre bundles [15, 27, 40].
A Hamiltonian on a phase space V ∗Q→ R of mechanics is defined as a global section
h : V ∗Q→ T ∗Q, p0 ◦ h = H(t, q
j, pj), (3.1.12)
of the affine bundle ζ (3.1.3). Given the Liouville form Ξ (2.2.12) on T ∗Q, this section
yields the pull-back Hamiltonian form
H = (−h)∗Ξ = pkdq
k −Hdt (3.1.13)
on V ∗Q. This is the well-known invariant of Poincare´–Cartan [2].
It should be emphasized that, in contrast with a Hamiltonian in autonomous mechan-
ics, the Hamiltonian H (3.1.12) is not a function on V ∗Q, but it obeys the transformation
law
H′(t, q′i, p′i) = H(t, q
i, pi) + p
′
i∂tq
′i. (3.1.14)
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Remark 3.1.2: Any connection Γ (1.1.16) on a configuration bundle Q→ R defines the global
section hΓ = piΓ
i (3.1.12) of the affine bundle ζ (3.1.3) and the corresponding Hamiltonian form
HΓ = pkdq
k −HΓdt = pkdq
k − piΓ
idt. (3.1.15)
Furthermore, given a connection Γ, any Hamiltonian form (3.1.13) admits the splitting
H = HΓ − EΓdt, (3.1.16)
where
EΓ = H−HΓ = H− piΓ
i (3.1.17)
is a function on V ∗Q. One can think of EΓ (3.1.17) as being an energy function relative to a
reference frame Γ [15, 31]. With respect to the coordinates adapted to a reference frame Γ, we
have EΓ = H. Given different reference frames Γ and Γ
′, the decomposition (3.1.16) leads at
once to the relation
EΓ′ = EΓ +HΓ −HΓ′ = EΓ + (Γ
i − Γ′i)pi (3.1.18)
between the energy functions with respect to different reference frames. ♦
Given a Hamiltonian form H (3.1.13), there exists a unique horizontal vector field
(1.1.16):
γH = ∂t − γ
i∂i − γi∂
i,
on V ∗Q (i.e., a connection on V ∗Q→ R) such that
γH⌋dH = 0. (3.1.19)
This vector field, called the Hamilton vector field, reads
γH = ∂t + ∂
kH∂k − ∂kH∂
k. (3.1.20)
In a different way (Remark 3.1.1), the Hamilton vector field γH is defined by the relation
γH⌋Ω = dH.
Consequently, it is canonical for the Poisson structure {, }V (3.1.7). This vector field
yields the first order dynamic Hamilton equation
qkt = ∂
kH, (3.1.21)
ptk = −∂kH (3.1.22)
on V ∗Q → R (Definition 1.3.1), where (t, qk, pk, q
k
t , p˙tk) are the adapted coordinates on
the first order jet manifold J1V ∗Q of V ∗Q→ R.
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Due to the canonical imbedding J1V ∗Q → TV ∗Q (1.1.6), the Hamilton equation
(3.1.21) – (3.1.22) is equivalent to the autonomous first order dynamic equation
t˙ = 1, q˙i = ∂iH, p˙i = −∂iH (3.1.23)
on a manifold V ∗Q (Definition 1.2.1).
A solution of the Hamilton equation (3.1.21) – (3.1.22) is an integral section r for the
connection γH .
Remark 3.1.3: Similarly to the Cartan equation (2.2.11), the Hamilton equation (3.1.21) –
(3.1.22) is equivalent to the condition
r∗(u⌋dH) = 0 (3.1.24)
for any vertical vector field u on V ∗Q→ R. ♦
We agree to call (V ∗Q,H) the Hamiltonian system of m = dimQ − 1 degrees of
freedom.
In order to describe evolution of a Hamiltonian system at any instant, the Hamilton
vector field γH (3.1.20) is assumed to be complete, i.e., it is an Ehressmann connection
(Remark 1.1.1). In this case, the Hamilton equation (3.1.21) – (3.1.22) admits a unique
global solution through each point of the phase space V ∗Q. By virtue of Theorem 1.1.2,
there exists a trivialization of a fibre bundle V ∗Q → R (not necessarily compatible with
its fibration V ∗Q→ Q) such that
γH = ∂t, H = pidq
i (3.1.25)
with respect to the associated coordinates (t, qi, pi). A direct computation shows that
the Hamilton vector field γH (3.1.20) satisfies the relation (3.1.11) and, consequently, it
is an infinitesimal generator of a one-parameter group of automorphisms of the Poisson
manifold (V ∗Q, {, }V ). Then one can show that (t, q
i, pi) are canonical coordinates for the
Poisson manifold (V ∗Q, {, }V ) [27], i.e.,
w =
∂
∂pi
∧
∂
∂qi
.
Since H = 0, the Hamilton equation (3.1.21) – (3.1.22) in these coordinates takes the
form
qit = 0, pti = 0,
i.e., (t, qi, pi) are the initial data coordinates.
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3.2 Homogeneous Hamiltonian formalism
As was mentioned above, one can associate to any Hamiltonian system on a phase space
V ∗Q an equivalent autonomous symplectic Hamiltonian system on the cotangent bundle
T ∗Q (Theorem 3.2.1).
Given a Hamiltonian system (V ∗Q,H), its HamiltonianH (3.1.12) defines the function
H∗ = ∂t⌋(Ξ− ζ
∗(−h)∗Ξ)) = p0 + h = p0 +H (3.2.1)
on T ∗Q. Let us regardH∗ (3.2.1) as a Hamiltonian of an autonomous Hamiltonian system
on the symplectic manifold (T ∗Q,ΩT ). The corresponding autonomous Hamilton equation
on T ∗Q takes the form
t˙ = 1, p˙0 = −∂tH, q˙
i = ∂iH, p˙i = −∂iH. (3.2.2)
Remark 3.2.1: Let us note that the splitting H∗ = p0 +H (3.2.1) is ill defined. At the same
time, any reference frame Γ yields the decomposition
H∗ = (p0 +HΓ) + (H −HΓ) = H
∗
Γ + EΓ, (3.2.3)
whereHΓ is the Hamiltonian (3.1.15) and EΓ (3.1.17) is the energy function relative to a reference
frame Γ. ♦
The Hamiltonian vector field ϑH∗ of H
∗ (3.2.1) on T ∗Q is
ϑH∗ = ∂t − ∂tH∂
0 + ∂iH∂i − ∂iH∂
i. (3.2.4)
Written relative to the coordinates (3.1.5), this vector field reads
ϑH∗ = ∂t + ∂
iH∂i − ∂iH∂
i. (3.2.5)
It is identically projected onto the Hamilton vector field γH (3.1.20) on V
∗Q such that
ζ∗(LγHf) = {H
∗, ζ∗f}T , f ∈ C
∞(V ∗Q). (3.2.6)
Therefore, the Hamilton equation (3.1.21) – (3.1.22) is equivalent to the autonomous
Hamilton equation (3.2.2).
Obviously, the Hamiltonian vector field ϑH∗ (3.2.5) is complete if the Hamilton vector
field γH (3.1.20) is complete.
Thus, the following has been proved [4, 15, 29].
Theorem 3.2.1: A Hamiltonian system (V ∗Q,H) ofm degrees of freedom is equivalent to
an autonomous Hamiltonian system (T ∗Q,H∗) ofm+1 degrees of freedom on a symplectic
manifold (T ∗Q,Ω) whose Hamiltonian is the function H∗ (3.2.1). ✷
We agree to call (T ∗Q,H∗) the homogeneous Hamiltonian system and H∗ (3.2.1) the
homogeneous Hamiltonian.
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3.3 Lagrangian form of Hamiltonian formalism
It is readily observed that the Hamiltonian form H (3.1.13) is the Poincare´–Cartan form
of the Lagrangian
LH = h0(H) = (piq
i
t −H)dt (3.3.1)
on the jet manifold J1V ∗Q of V ∗Q→ R [15, 31].
Remark 3.3.1: In fact, the Lagrangian (3.3.1) is the pull-back onto J1V ∗Q of the form LH
on the product V ∗Q×Q J
1Q. ♦
The Lagrange operator (2.1.16) associated to the Lagrangian LH reads
EH = δLH = [(q
i
t − ∂
iH)dpi − (pti + ∂iH)dq
i] ∧ dt. (3.3.2)
The corresponding Lagrange equation (2.1.20) is of first order, and it coincides with the
Hamilton equation (3.1.21) – (3.1.22) on J1V ∗Q.
Due to this fact, the Lagrangian LH (3.3.1) plays a prominent role in Hamiltonian
mechanics.
In particular, let u (2.4.4) be a vector field on a configuration space Q. Its functorial
lift (4.1.32) onto the cotangent bundle T ∗Q is
u˜ = ut∂t + u
i∂i − pj∂iu
j∂i (3.3.3)
This vector field is identically projected onto a vector field, also given by the expression
(3.3.3), on the phase space V ∗Q as a base of the trivial fibre bundle (3.1.3). Then we
have the equality
Lu˜H = LJ1u˜LH = (−u
t∂tH + pi∂tu
i − ui∂iH + pi∂ju
i∂jH)dt. (3.3.4)
This equality enables us to study conservation laws in Hamiltonian mechanics similarly
to those in Lagrangian mechanics (Section 3.5).
3.4 Associated Lagrangian and Hamiltonian systems
As was mentioned above, Lagrangian and Hamiltonian formulations of mechanics fail to
be equivalent. The comprehensive relations between Lagrangian and Hamiltonian systems
can be established in the case of almost regular Lagrangians [15, 27, 29, 40]. This is a
particular case of the relations between Lagrangian and Hamiltonian theories on fibre
bundles [9, 14].
In order to compare Lagrangian and Hamiltonian formalisms, we are based on the
facts that:
(i) every first order Lagrangian L (2.1.15) on a velocity space J1Q induces the Legendre
map (2.1.30) of this velocity space to a phase space V ∗Q;
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(ii) every Hamiltonian form H (3.1.13) on a phase space V ∗Q yields the Hamiltonian
map
Ĥ : V ∗Q −→
Q
J1Q, qit ◦ Ĥ = ∂
iH (3.4.1)
of this phase space to a velocity space J1Q.
Remark 3.4.1: A Hamiltonian form H is called regular if the Hamiltonian map Ĥ (3.4.1) is
regular, i.e., a local diffeomorphism. ♦
Remark 3.4.2: It is readily observed that a section r of a fibre bundle V ∗Q→ R is a solution
of the Hamilton equation (3.1.21) – (3.1.22) for the Hamiltonian form H iff it obeys the equality
J1(piΠ ◦ r) = Ĥ ◦ r, (3.4.2)
where piΠ : V
∗Q→ Q. ♦
Given a Lagrangian L, the Hamiltonian form H (3.1.13) is said to be associated with
L if H satisfies the relations
L̂ ◦ Ĥ ◦ L̂ = L̂, (3.4.3)
Ĥ∗LH = Ĥ
∗L, (3.4.4)
where LH is the Lagrangian (3.3.1).
A glance at the equality (3.4.3) shows that L̂ ◦ Ĥ is the projector of V ∗Q onto the
Lagrangian constraint space NL which is given by the coordinate conditions
pi = πi(t, q
j, ∂jH(t, qj , pj)). (3.4.5)
The relation (3.4.4) takes the coordinate form
H = pi∂
iH−L(t, qj, ∂jH). (3.4.6)
Acting on this equality by the exterior differential, we obtain the relations
∂tH(p) = −(∂tL) ◦ Ĥ(p), p ∈ NL,
∂iH(p) = −(∂iL) ◦ Ĥ(p), p ∈ NL, (3.4.7)
(pi − (∂iL)(t, q
j, ∂jH))∂i∂aH = 0. (3.4.8)
The relation (3.4.8) shows that an L-associated Hamiltonian form H is not regular outside
the Lagrangian constraint space NL.
For instance, let L be a hyperregular Lagrangian, i.e., the Legendre map L̂ (2.1.30) is
a diffeomorphism. It follows from the relation (3.4.3) that, in this case, Ĥ = L̂−1. Then
the relation (3.4.6) takes the form
H = piL̂
−1i − L(t, qj, L̂−1j). (3.4.9)
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It defines a unique Hamiltonian form associated with a hyperregular Lagrangian. Let s
be a solution of the Lagrange equation (2.1.25) for a Lagrangian L. A direct computation
shows that L̂ ◦ J1s is a solution of the Hamilton equation (3.1.21) – (3.1.22) for the
Hamiltonian form H (3.4.9). Conversely, if r is a solution of the Hamilton equation
(3.1.21) – (3.1.22) for the Hamiltonian form H (3.4.9), then s = πΠ ◦ r is a solution of the
Lagrange equation (2.1.25) for L (see the equality (3.4.2)). It follows that, in the case of
hyperregular Lagrangians, Hamiltonian formalism is equivalent to Lagrangian one.
If a Lagrangian is not regular, an associated Hamiltonian form need not exist.
A Hamiltonian form is called weakly associated with a Lagrangian L if the condition
(3.4.4) (namely, the condition (3.4.8) holds on the Lagrangian constraint space NL.
For instance, any Hamiltonian form is weakly associated with the Lagrangian L = 0,
while the associated Hamiltonian forms are only HΓ (3.1.15).
A hyperregular Lagrangian L has a unique weakly associated Hamiltonian form (3.4.9)
which also is L-associated. In the case of a regular Lagrangian L, the Lagrangian con-
straint space NL is an open subbundle of the vector Legendre bundle V
∗Q → Q. If
NL 6= V
∗Q, a weakly associated Hamiltonian form fails to be defined everywhere on V ∗Q
in general. At the same time, NL itself can be provided with the pull-back symplectic
structure with respect to the imbedding NL → V
∗Q, so that one may consider Hamilto-
nian forms on NL.
Note that, in contrast with associated Hamiltonian forms, a weakly associated Hamil-
tonian form may be regular.
In order to say something more, let us restrict our consideration to almost regular
Lagrangians L (Definition 2.1.12) [15, 27, 29].
Lemma 3.4.1: The Poincare´–Cartan form HL (2.2.1) of an almost regular Lagrangian L
is constant on the inverse image L̂−1(z) of any point z ∈ NL. ✷
A corollary of Lemma 3.4.1 is the following.
Theorem 3.4.2: All Hamiltonian forms weakly associated with an almost regular La-
grangian L coincide with each other on the Lagrangian constraint space NL, and the
Poincare´–Cartan form HL (2.2.1) of L is the pull-back
HL = L̂
∗H, πiq
i
t −L = H(t, q
j, πj), (3.4.10)
of such a Hamiltonian form H . ✷
It follows that, given Hamiltonian forms H and H ′ weakly associated with an almost
regular Lagrangian L, their difference is a density
H ′ −H = (H−H′)dt
vanishing on the Lagrangian constraint space NL. However, Ĥ|NL 6= Ĥ
′|NL in general.
Therefore, the Hamilton equations for H and H ′ do not necessarily coincide on the La-
grangian constraint space NL.
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Theorem 3.4.2 enables us to relate the Lagrange equation for an almost regular La-
grangian L with the Hamilton equation for Hamiltonian forms weakly associated to L.
Theorem 3.4.3: Let a section r of V ∗Q → R be a solution of the Hamilton equation
(3.1.21) – (3.1.22) for a Hamiltonian form H weakly associated with an almost regular
Lagrangian L. If r lives in the Lagrangian constraint space NL, the section s = π ◦ r of
π : Q → R satisfies the Lagrange equation (2.1.25), while s = Ĥ ◦ r obeys the Cartan
equation (2.2.9) – (2.2.10). ✷
The proof is based on the relation
L˜ = (J1L̂)∗LH ,
where L˜ is the Lagrangian (2.2.7), while LH is the Lagrangian (3.3.1). This relation is
derived from the equality (3.4.10). The converse assertion is more intricate.
Theorem 3.4.4: Given an almost regular Lagrangian L, let a section s of the jet bundle
J1Q→ R be a solution of the Cartan equation (2.2.9) – (2.2.10). Let H be a Hamiltonian
form weakly associated with L, and let H satisfy the relation
Ĥ ◦ L̂ ◦ s = J1s, (3.4.11)
where s is the projection of s onto Q. Then the section r = L̂ ◦ s of a fibre bundle
V ∗Q→ R is a solution of the Hamilton equation (3.1.21) – (3.1.22) for H . ✷
We say that a set of Hamiltonian forms H weakly associated with an almost regular
Lagrangian L is complete if, for each solution s of the Lagrange equation, there exists a
solution r of the Hamilton equation for a Hamiltonian form H from this set such that
s = πΠ ◦ r. By virtue of Theorem 3.4.4, a set of weakly associated Hamiltonian forms is
complete if, for every solution s of the Lagrange equation for L, there exists a Hamiltonian
form H from this set which fulfills the relation (3.4.11) where s = J1s, i.e.,
Ĥ ◦ L̂ ◦ J1s = J1s. (3.4.12)
In the case of almost regular Lagrangians, one can formulate the following necessary
and sufficient conditions of the existence of weakly associated Hamiltonian forms.
Theorem 3.4.5: A Hamiltonian form H weakly associated with an almost regular La-
grangian L exists iff the fibred manifold (2.1.32):
L̂ : J1Q→ NL, (3.4.13)
admits a global section. ✷
In particular, any point of V ∗Q possesses an open neighborhood U such that there
exists a complete set of local Hamiltonian forms on U which are weakly associated with
an almost regular Lagrangian L. Moreover, one can construct a complete set of local
L-associated Hamiltonian forms on U [39].
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3.5 Hamiltonian conservation laws
As was mentioned above, integrals of motion in Lagrangian mechanics usually come from
variational symmetries of a Lagrangian (Theorem 2.4.8), though not all integrals of motion
are of this type (Section 2.4). In Hamiltonian mechanics, all integrals of motion are
conserved generalized symmetry currents (Theorem 3.5.12 below).
An integral of motion of a Hamiltonian system (V ∗Q,H) is defined as a smooth real
function F on V ∗Q which is an integral of motion of the Hamilton equation (3.1.21) –
(3.1.22) (Section 1.10). Its Lie derivative
LγHF = ∂tF + {H, F}V (3.5.1)
along the Hamilton vector field γH (3.1.20) vanishes in accordance with the equation
(1.10.7). Given the Hamiltonian vector field ϑF of F with respect to the Poisson bracket
(3.1.7), it is easily justified that
[γH , ϑF ] = ϑLγHF . (3.5.2)
Consequently, the Hamiltonian vector field of an integral of motion is a symmetry of the
Hamilton equation (3.1.21) – (3.1.22).
One can think of the formula (3.5.1) as being the evolution equation of Hamiltonian
mechanics.
Given a Hamiltonian system (V ∗Q,H), let (T ∗Q,H∗) be an equivalent homogeneous
Hamiltonian system. It follows from the equality (3.2.6) that
ζ∗(LγHF ) = {H
∗, ζ∗F}T = ζ
∗(∂tF + {H, F}V ) (3.5.3)
for any function F ∈ C∞(V ∗Z). This formula is equivalent to the evolution equation
(3.5.1). It is called the homogeneous evolution equation.
Proposition 3.5.1: A function F ∈ C∞(V ∗Q) is an integral of motion of a Hamiltonian
system (V ∗Q,H) iff its pull-back ζ∗F onto T ∗Q is an integral of motion of a homogeneous
Hamiltonian system (T ∗Q,H∗). ✷
Proof: It follows from the equality (3.5.3) that
{H∗, ζ∗F}T = ζ
∗(LγHF ) = 0. (3.5.4)
QED
Proposition 3.5.2: If F and F ′ are integrals of motion of a Hamiltonian system, their
Poisson bracket {F, F ′}V also is an integral of motion. ✷
Consequently, integrals of motion of a Hamiltonian system (V ∗Q,H) constitute a real
Lie subalgebra of the Poisson algebra C∞(V ∗Q).
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Let us turn to Hamiltonian conservation laws. We are based on the fact that the
Hamilton equation (3.1.21) – (3.1.22) also is the Lagrange equation of the Lagrangian LH
(3.3.1). Therefore, one can study conservation laws in Hamiltonian mechanics similarly
to those in Lagrangian mechanics [15, 31].
Since the Hamilton equation (3.1.21) – (3.1.22) is of first order, we restrict our con-
sideration to classical symmetries, i.e., vector fields on V ∗Q. In this case, all conserved
generalized symmetry currents are integrals of motion.
Let
υ = ut∂t + υ
i∂i + υi∂
i, ut = 0, 1, (3.5.5)
be a vector field on a phase space V ∗Q. Its prolongation onto V ∗Q ×Q J
1Q (Remark
3.3.1) reads
J1υ = ut∂t + υ
i∂i + υi∂
i + dtυ
i∂ti .
Then the first variational formula (2.4.11) for the Lagrangian LH (3.3.1) takes the form
−ut∂tH− υ
i∂iH + υi(q
i
t − ∂
iH) + pidtυ
i = (3.5.6)
−(υi − qitu
t)(pti + ∂iH) + (υi − ptiu
t)(qit − ∂
iH)
+dt(piυ
i − utH).
If υ (3.5.5) is a variational symmetry, i.e.,
LJ1υLH = dHσ,
we obtain the weak conservation law, called the Hamiltonian conservation law,
0 ≈ dtTυ (3.5.7)
of the generalized symmetry current (2.4.17) which reads.
Tυ = piυ
i − utH− σ. (3.5.8)
This current is an integral of motion of a Hamiltonian system.
The converse also is true. Let F be an integral of motion, i.e.,
LγHF = ∂tF + {H, F}V = 0. (3.5.9)
We aim to show that there is a variational symmetry υ of LH such that F = Tυ is a
conserved generalized symmetry current along υ.
In accordance with Proposition 2.4.4, the vector field υ (3.5.5) is a variational sym-
metry iff
υi(pti + ∂iH)− υi(q
i
t − ∂
iH) + ut∂tH = dt(Tu + u
tH). (3.5.10)
3.5. HAMILTONIAN CONSERVATION LAWS 67
A glance at this equality shows the following.
Proposition 3.5.3: The vector field υ (3.5.5) is a variational symmetry only if
∂iυi = −∂iυ
i. (3.5.11)
✷
For instance, if the vector field υ (3.5.5) is projectable onto Q (i.e., its components
υi are independent of momenta pi), we obtain that ui = −pj∂iu
j. Consequently, υ is the
canonical lift u˜ (3.3.3) onto V ∗Q of the vector field u (2.4.4) on Q. Moreover, let u˜ be a
variational symmetry of a Lagrangian LH . It follows at once from the equality (3.5.10)
that u˜ is an exact symmetry of LH . The corresponding conserved symmetry current reads
Tu˜p = piu
i − utH. (3.5.12)
We agree to call the vector field u (2.4.4) the Hamiltonian symmetry if its canonical
lift u˜ (3.3.3) onto V ∗Q is a variational (consequently, exact) symmetry of the Lagrangian
LH (3.3.1). If a Hamiltonian symmetry is vertical, the corresponding conserved symmetry
current Tu˜ = piu
i is called the Noether current.
Proposition 3.5.4: The Hamilton vector field γH (3.1.20) is a unique variational sym-
metry of LH whose conserved generalized symmetry current equals zero. ✷
It follows that, given a non-vertical variational symmetry υ, ut = 1, of a Lagrangian
LH , there exists a vertical variational symmetry υ − γH possessing the same generalized
conserved symmetry current Tυ = Tυ−γH as υ.
Theorem 3.5.5: Any integral of motion F of a Hamiltonian system (V ∗Q,H) is a
generalized conserved current F = TϑF of the Hamiltonian vector field
ϑF∂
iF∂F − ∂iF∂
F
of F . ✷
Proof: If υ = ϑF and TϑF = F , the relation (3.5.10) is satisfied owing to the equality (3.5.9).
QED
It follows from Theorem 3.5.5 that the Lie algebra of integrals of motion of a Hamilto-
nian system in Proposition 3.5.2 coincides with the Lie algebra of conserved generalized
symmetry currents with respect to the bracket
{F, F ′}V = {TϑF ,TϑF ′}V = T[ϑF ,ϑF ′ ].
In accordance with Theorem 3.5.5, any integral of motion of a Hamiltonian system
can be treated as a conserved generalized current along a vertical variational symmetry.
However, this is not convenient for the study of energy conservation laws.
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Let EΓ (3.1.17) be the energy function of a Hamiltonian system relative to a reference
frame Γ. Given bundle coordinates adapted to Γ, its evolution equation (3.5.1) takes the
form
LγHEΓ = ∂tEΓ = ∂tH. (3.5.13)
It follows that, an energy of a Hamiltonian system relative to a reference frame Γ is an
integral of motion iff a Hamiltonian, written with respect to the coordinates adapted to
Γ, is time-independent. By virtue of Theorem 3.5.5, if EΓ is an integral of motion, it is a
conserved generalized symmetry current of the variational symmetry
γH + ϑEΓ = −(∂t + Γ
i∂i − pj∂iΓ
j∂i) = −Γ˜.
This is the canonical lift (3.3.3) onto V ∗Q of the vector field −Γ (1.1.16) on Q. Conse-
quently, −Γ˜ is an exact symmetry, and −Γ is a Hamiltonian symmetry.
Example 3.5.1: Let us consider the Kepler system on the configuration space Q (2.4.28) in
Example 2.4.5. Its phase space is
V ∗Q = R×R6
coordinated by (t, qi, pi). The Lagrangian (2.4.29) and (2.4.33) of the Kepler system is hyper-
regular. The associated Hamiltonian form reads
H = pidq
i −
[
1
2
(∑
i
(pi)
2
)
−
1
r
]
dt. (3.5.14)
The corresponding Lagrangian LH (3.3.1) is
LH =
[
piq
i
t −
1
2
(∑
i
(pi)
2
)
+
1
r
]
dt. (3.5.15)
The Kepler system possesses the following integrals of motion:
• an energy function E = H;
• orbital momenta
Mab = q
apb − q
bpa (3.5.16)
• components of the Rung–Lenz vector
Aa =
∑
b
(qapb − q
bpa)pb −
qa
r
. (3.5.17)
These integrals of motions are the conserved currents of:
• the exact symmetry ∂t,
• the exact vertical symmetries
υab = q
a∂b − q
b∂a − pb∂
a + pa∂
b, (3.5.18)
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• the variational vertical symmetries
υa =
∑
b
[pbυ
a
b + (q
apb − q
bpa)∂b] + ∂b
(
qa
r
)
∂b, (3.5.19)
respectively. Note that the vector fields υab (3.5.18) are the canonical lift (3.3.3) onto V
∗Q of
the vector fields
uab = q
a∂b − q
b∂a
on Q. Thus, these vector fields are vertical Hamiltonian symmetries, and integrals of motion
Mab (3.5.16) are the Noether currents. ♦
Let us remind that, in contrast with the Rung–Lenz vector (3.5.19) in Hamiltonian
mechanics, the Rung–Lenz vector (2.4.34) in Lagrangian mechanics fails to come from
variational symmetries of a Lagrangian. There is the following relation between Lagran-
gian and Hamiltonian symmetries if they are the same vector fields on a configuration
space Q.
Theorem 3.5.6: Let a Hamiltonian form H be associated with an almost regular
Lagrangian L. Let r be a solution of the Hamilton equation (3.1.21) – (3.1.22) for H
which lives in the Lagrangian constraint space NL. Let s = πΠ ◦ r be the corresponding
solution of the Lagrange equation for L so that the relation (3.4.12) holds. Then, for any
vector field u (2.4.4) on a fibre bundle Q→ R, we have
Tu˜(r) = Tu(πΠ ◦ r), Tu˜(L̂ ◦ J
1s) = Tu(s), (3.5.20)
where Tu is the symmetry current (2.4.21) on J
1Y and Tu˜ is the symmetry current (3.5.12)
on V ∗Q. ✷
By virtue of Theorems 3.4.3 – 3.4.4, it follows that:
• if Tu in Theorem 3.5.6 is a conserved symmetry current, then the symmetry current
Tu˜ (3.5.20) is conserved on solutions of the Hamilton equation which live in the Lagrangian
constraint space;
• if Tu˜ in Theorem 3.5.6 is a conserved symmetry current, then the symmetry current
Tu (3.5.20) is conserved on solutions s of the Lagrange equation which obey the condition
(3.4.12).
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Chapter 4
Appendixes
For the sake of convenience of the reader, this Chapter summarizes the relevant material on
differential geometry of fibre bundles and modules over commutative rings [14, 18, 30, 44].
4.1 Geometry of fibre bundles
Throughout this Section, all morphisms are smooth (i.e., of class C∞), and manifolds
are smooth real and finite-dimensional. A smooth manifold is customarily assumed to be
Hausdorff and second-countable. Consequently, it is locally compact and paracompact.
Unless otherwise stated, manifolds are assumed to be connected (and, consequently, arc-
wise connected).
Given a smooth manifold Z, by πZ : TZ → Z is denoted its tangent bundle. Given
manifold coordinates (zα) on Z, the tangent bundle TZ is equipped with the holonomic
coordinates
(zλ, z˙λ), z˙′λ =
∂z′λ
∂zµ
z˙µ,
with respect to the holonomic frames {∂λ} in the tangent spaces to Z. Any manifold
morphism f : Z → Z ′ yields the tangent morphism
Tf : TZ → TZ ′, z˙′λ ◦ Tf =
∂fλ
∂zµ
z˙µ,
of their tangent bundles.
4.1.1 Fibred manifolds
Let M and N be smooth manifolds and f : M → N a manifold morphism. Its rank
rankpf at a point p ∈M is defined as the rank of the tangent map
Tpf : TpM → Tf(p)N, p ∈M.
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Since the function p→ rankpf is lower semicontinuous, a manifold morphism f of maximal
rank at a point p also is of maximal rank on some open neighborhood of p. A morphism
f is said to be an immersion if Tpf , p ∈ M , is injective and a submersion if Tpf , p ∈ M ,
is surjective. Note that a submersion is an open map (i.e., an image of any open set is
open).
If f : M → N is an injective immersion, its range is called a submanifold of N . A
submanifold is said to be imbedded if it also is a topological subspace. In this case, f is
called an imbedding. For the sake of simplicity, we usually identify (M, f) with f(M). If
M ⊂ N , its natural injection is denoted by iM :M → N . There are the following criteria
for a submanifold to be imbedded.
Theorem 4.1.1: Let (M, f) be a submanifold of N .
(i) A map f is an imbedding iff, for each point p ∈ M , there exists a (cubic) coordinate
chart (V, ψ) of N centered at f(p) so that f(M) ∩ V consists of all points of V with
coordinates (x1, . . . , xm, 0, . . . , 0).
(ii) Suppose that f :M → N is a proper map, i.e., the inverse images of compact sets
are compact. Then (M, f) is a closed imbedded submanifold of N . In particular, this
occurs if M is a compact manifold.
(iii) If dimM = dimN , then (M, f) is an open imbedded submanifold of N . ✷
If a manifold morphism
π : Y → X, dimX = n > 0, (4.1.1)
is a surjective submersion, one says that: (i) its domain Y is a fibred manifold, (ii) X is
its base, (iii) π is a fibration, and (iv) Yx = π
−1(x) is a fibre over x ∈ X .
By virtue of the inverse function theorem [47], the surjection (4.1.1) is a fibred manifold
iff a manifold Y admits an atlas of fibred coordinate charts (UY ; x
λ, yi) such that (xλ) are
coordinates on π(UY ) ⊂ X and coordinate transition functions read
x′λ = fλ(xµ), y′i = f i(xµ, yj).
The surjection π (4.1.1) is a fibred manifold iff, for each point y ∈ Y , there exists
a local section s of Y → X passing through y. Recall that by a local section of the
surjection (4.1.1) is meant an injection s : U → Y of an open subset U ⊂ X such that
π◦s = IdU , i.e., a section sends any point x ∈ X into the fibre Yx over this point. A local
section also is defined over any subset N ∈ X as the restriction to N of a local section
over an open set containing N . If U = X , one calls s the global section. A range s(U) of
a local section s : U → Y of a fibred manifold Y → X is an imbedded submanifold of Y .
A local section is a closed map, sending closed subsets of U onto closed subsets of Y . If
s is a global section, then s(X) is a closed imbedded submanifold of Y . Global sections
of a fibred manifold need not exist.
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Theorem 4.1.2: Let Y → X be a fibred manifold whose fibres are diffeomorphic to Rm.
Any its section over a closed imbedded submanifold (e.g., a point) of X is extended to a
global section [44]. In particular, such a fibred manifold always has a global section. ✷
Given fibred coordinates (UY ; x
λ, yi), a section s of a fibred manifold Y → X is
represented by collections of local functions {si = yi ◦ s} on π(UY ).
Morphisms of fibred manifolds, by definition, are fibrewise morphisms, sending a fibre
to a fibre. Namely, a fibred morphism of a fibred manifold π : Y → X to a fibred manifold
π′ : Y ′ → X ′ is defined as a pair (Φ, f) of manifold morphisms which form a commutative
diagram
Y
Φ
−→ Y ′
π
❄ ❄
π′
X
f
−→X ′
, π′ ◦ Φ = f ◦ π.
Fibred injections and surjections are called monomorphisms and epimorphisms, respec-
tively. A fibred diffeomorphism is called an isomorphism or an automorphism if it is an
isomorphism to itself. For the sake of brevity, a fibred morphism over f = IdX usually is
said to be a fibred morphism over X , and is denoted by Y −→
X
Y ′. In particular, a fibred
automorphism over X is called a vertical automorphism.
4.1.2 Fibre bundles
A fibred manifold Y → X is said to be trivial if Y is isomorphic to the product X × V .
Different trivializations of Y → X differ from each other in surjections Y → V .
A fibred manifold Y → X is called a fibre bundle if it is locally trivial, i.e., if it admits
a fibred coordinate atlas {(π−1(Uξ); x
λ, yi)} over a cover {π−1(Uξ)} of Y which is the
inverse image of a cover U = {Uξ} of X . In this case, there exists a manifold V , called a
typical fibre, such that Y is locally diffeomorphic to the splittings
ψξ : π
−1(Uξ)→ Uξ × V, (4.1.2)
glued together by means of transition functions
̺ξζ = ψξ ◦ ψ
−1
ζ : Uξ ∩ Uζ × V → Uξ ∩ Uζ × V (4.1.3)
on overlaps Uξ ∩ Uζ. Transition functions ̺ξζ fulfil the cocycle condition
̺ξζ ◦ ̺ζι = ̺ξι (4.1.4)
on all overlaps Uξ ∩ Uζ ∩ Uι. Restricted to a point x ∈ X , trivialization morphisms ψξ
(4.1.2) and transition functions ̺ξζ (4.1.3) define diffeomorphisms of fibres
ψξ(x) : Yx → V, x ∈ Uξ, (4.1.5)
̺ξζ(x) : V → V, x ∈ Uξ ∩ Uζ . (4.1.6)
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Trivialization charts (Uξ, ψξ) together with transition functions ̺ξζ (4.1.3) constitute a
bundle atlas
Ψ = {(Uξ, ψξ), ̺ξζ} (4.1.7)
of a fibre bundle Y → X . Two bundle atlases are said to be equivalent if their union
also is a bundle atlas, i.e., there exist transition functions between trivialization charts of
different atlases. All atlases of a fibre bundle are equivalent.
Given a bundle atlas Ψ (4.1.7), a fibre bundle Y is provided with the fibred coordinates
xλ(y) = (xλ ◦ π)(y), yi(y) = (yi ◦ ψξ)(y), y ∈ π
−1(Uξ),
called the bundle coordinates, where yi are coordinates on a typical fibre V .
A fibre bundle Y → X is uniquely defined by a bundle atlas. Given an atlas Ψ (4.1.7),
there exists a unique manifold structure on Y for which π : Y → X is a fibre bundle with
a typical fibre V and a bundle atlas Ψ.
There are the following useful criteria for a fibred manifold to be a fibre bundle.
Theorem 4.1.3: If a fibration π : Y → X is a proper map, then Y → X is a fibre
bundle. In particular, a compact fibred manifold is a fibre bundle. ✷
Theorem 4.1.4: A fibred manifold whose fibres are diffeomorphic either to a compact
manifold or Rr is a fibre bundle [34]. ✷
A comprehensive relation between fibred manifolds and fibre bundles is given in Re-
mark 4.3.1. It involves the notion of an Ehresmann connection.
Forthcoming Theorems 4.1.5 – 4.1.7 describe the particular covers which one can
choose for a bundle atlas [18].
Theorem 4.1.5: Any fibre bundle over a contractible base is trivial. ✷
Note that a fibred manifold over a contractible base need not be trivial. It follows from
Theorem 4.1.5 that any cover of a base X by domains (i.e., contractible open subsets) is
a bundle cover.
Theorem 4.1.6: Every fibre bundle Y → X admits a bundle atlas over a countable
cover U of X where each member Uξ of U is a domain whose closure U ξ is compact. ✷
If a base X is compact, there is a bundle atlas of Y over a finite cover of X which
obeys the condition of Theorem 4.1.6.
Theorem 4.1.7: Every fibre bundle Y → X admits a bundle atlas over a finite cover U
of X , but its members need not be contractible and connected. ✷
A fibred morphism of fibre bundles is called a bundle morphism. A bundle monomor-
phism Φ : Y → Y ′ over X onto a submanifold Φ(Y ) of Y ′ is called a subbundle of a fibre
bundle Y ′ → X . There is the following useful criterion for an image and an inverse image
of a bundle morphism to be subbundles.
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Theorem 4.1.8: Let Φ : Y → Y ′ be a bundle morphism over X . Given a global section
s of the fibre bundle Y ′ → X such that s(X) ⊂ Φ(Y ), by the kernel of a bundle morphism
Φ with respect to a section s is meant the inverse image
Ker sΦ = Φ
−1(s(X))
of s(X) by Φ. If Φ : Y → Y ′ is a bundle morphism of constant rank over X , then Φ(Y )
and Ker sΦ are subbundles of Y
′ and Y , respectively. ✷
The following are the standard constructions of new fibre bundles from old ones.
• Given a fibre bundle π : Y → X and a manifold morphism f : X ′ → X , the pull-back
of Y by f is called the manifold
f ∗Y = {(x′, y) ∈ X ′ × Y : π(y) = f(x′)} (4.1.8)
together with the natural projection (x′, y) → x′. It is a fibre bundle over X ′ such that
the fibre of f ∗Y over a point x′ ∈ X ′ is that of Y over the point f(x′) ∈ X . There is the
canonical bundle morphism
fY : f
∗Y ∋ (x′, y)|π(y)=f(x′) → y ∈ Y. (4.1.9)
Any section s of a fibre bundle Y → X yields the pull-back section
f ∗s(x′) = (x′, s(f(x′))
of f ∗Y → X ′.
• If X ′ ⊂ X is a submanifold of X and iX′ is the corresponding natural injection, then
the pull-back bundle
i∗X′Y = Y |X′
is called the restriction of a fibre bundle Y to the submanifold X ′ ⊂ X . If X ′ is an
imbedded submanifold, any section of the pull-back bundle
Y |X′ → X
′
is the restriction to X ′ of some section of Y → X .
• Let π : Y → X and π′ : Y ′ → X be fibre bundles over the same base X . Their
bundle product Y ×X Y
′ over X is defined as the pull-back
Y ×
X
Y ′ = π∗Y ′ or Y ×
X
Y ′ = π′
∗
Y
together with its natural surjection onto X . Fibres of the bundle product Y × Y ′ are the
Cartesian products Yx × Y
′
x of fibres of fibre bundles Y and Y
′.
• Let us consider the composite fibre bundle
Y → Σ→ X. (4.1.10)
It is provided with bundle coordinates (xλ, σm, yi), where (xλ, σm) are bundle coordinates
on a fibre bundle Σ→ X , i.e., transition functions of coordinates σm are independent of
coordinates yi. Let h be a global section of a fibre bundle Σ → X . Then the restriction
Yh = h
∗Y of a fibre bundle Y → Σ to h(X) ⊂ Σ is a subbundle of a fibre bundle Y → X .
76 CHAPTER 4. APPENDIXES
4.1.3 Vector and affine bundles
A fibre bundle π : Y → X is called a vector bundle if both its typical fibre and fibres are
finite-dimensional real vector spaces, and if it admits a bundle atlas whose trivialization
morphisms and transition functions are linear isomorphisms. Then the corresponding
bundle coordinates on Y are linear bundle coordinates (yi) possessing linear transition
functions y′i = Aij(x)y
j. We have
y = yiei(π(y)) = y
iψξ(π(y))
−1(ei), π(y) ∈ Uξ, (4.1.11)
where {ei} is a fixed basis for a typical fibre V of Y and {ei(x)} are the fibre bases (or
the frames) for the fibres Yx of Y associated to a bundle atlas Ψ.
By virtue of Theorem 4.1.2, any vector bundle has a global section, e.g., the canonical
global zero-valued section 0̂(x) = 0.
Theorem 4.1.9: Let a vector bundle Y → X admit m = dimV nowhere vanishing
global sections si which are linearly independent, i.e.,
m
∧ si 6= 0. Then Y is trivial. ✷
Global sections of a vector bundle Y → X constitute a projective C∞(X)-module
Y (X) of finite rank. It is called the structure module of a vector bundle. The well-known
Serre–Swan theorem [12] states the categorial equivalence between the vector bundles over
a smooth manifold X and projective C∞(X)-modules of finite rank.
There are the following particular constructions of new vector bundles from the old
ones.
• Let Y → X be a vector bundle with a typical fibre V . By Y ∗ → X is denoted the
dual vector bundle with the typical fibre V ∗, dual of V . The interior product of Y and
Y ∗ is defined as a fibred morphism
⌋ : Y ⊗ Y ∗ −→
X
X × R.
• Let Y → X and Y ′ → X be vector bundles with typical fibres V and V ′, respectively.
Their Whitney sum Y ⊕X Y
′ is a vector bundle over X with the typical fibre V ⊕ V ′.
• Let Y → X and Y ′ → X be vector bundles with typical fibres V and V ′, respectively.
Their tensor product Y ⊗X Y
′ is a vector bundle over X with the typical fibre V ⊗ V ′.
Similarly, the exterior product of vector bundles Y ∧X Y
′ is defined. The exterior product
∧Y = X × R⊕
X
Y ⊕
X
2
∧Y ⊕
X
· · · ⊕
k
∧Y, k = dimY − dimX, (4.1.12)
is called the exterior bundle.
• If Y ′ is a subbundle of a vector bundle Y → X , the factor bundle Y/Y ′ over X is
defined as a vector bundle whose fibres are the quotients Yx/Y
′
x, x ∈ X .
By a morphism of vector bundles is meant a linear bundle morphism, which is a linear
fibrewise map whose restriction to each fibre is a linear map.
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Given a linear bundle morphism Φ : Y ′ → Y of vector bundles over X , its kernel Ker Φ
is defined as the inverse image Φ−1(0̂(X)) of the canonical zero-valued section 0̂(X) of Y .
By virtue of Theorem 4.1.8, if Φ is of constant rank, its kernel and its range are vector
subbundles of the vector bundles Y ′ and Y , respectively. For instance, monomorphisms
and epimorphisms of vector bundles fulfil this condition.
Remark 4.1.1: Given vector bundles Y and Y ′ over the same base X, every linear bundle
morphism
Φ : Yx ∋ {ei(x)} → {Φ
k
i (x)e
′
k(x)} ∈ Y
′
x
over X defines a global section
Φ : x→ Φki (x)e
i(x)⊗ e′k(x)
of the tensor product Y ⊗ Y ′∗, and vice versa. ♦
A sequence Y ′
i
−→Y
j
−→Y ′′ of vector bundles over the same base X is called exact
at Y if Ker j = Im i. A sequence of vector bundles
0→ Y ′
i
−→ Y
j
−→Y ′′ → 0 (4.1.13)
over X is said to be a short exact sequence if it is exact at all terms Y ′, Y , and Y ′′. This
means that i is a bundle monomorphism, j is a bundle epimorphism, and Ker j = Im i.
Then Y ′′ is isomorphic to a factor bundle Y/Y ′. Given an exact sequence of vector bundles
(4.1.13), there is the exact sequence of their duals
0→ Y ′′∗
j∗
−→Y ∗
i∗
−→Y ′∗ → 0.
One says that the exact sequence (4.1.13) is split if there exists a bundle monomorphism
s : Y ′′ → Y such that j ◦ s = IdY ′′ or, equivalently,
Y = i(Y ′)⊕ s(Y ′′) = Y ′ ⊕ Y ′′.
Theorem 4.1.10: Every exact sequence of vector bundles (4.1.13) is split [19]. ✷
The tangent bundle TZ and the cotangent bundle T ∗Z of a manifold Z exemplify
vector bundles. Given an atlas ΨZ = {(Uι, φι)} of a manifold Z, the tangent bundle is
provided with the holonomic bundle atlas
ΨT = {(Uι, ψι = Tφι)}. (4.1.14)
The associated linear bundle coordinates are holonomic coordinates (z˙λ).
The cotangent bundle of a manifold Z is the dual T ∗Z → Z of the tangent bundle
TZ → Z. It is equipped with the holonomic coordinates
(zλ, z˙λ). z˙
′
λ =
∂zµ
∂z′λ
z˙µ,
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with respect to the coframes {dzλ} for T ∗Z which are the duals of {∂λ}.
The tensor product of tangent and cotangent bundles
T = (
m
⊗TZ)⊗ (
k
⊗T ∗Z), m, k ∈ N, (4.1.15)
is called a tensor bundle, provided with holonomic bundle coordinates z˙α1···αmβ1···βk possessing
transition functions
z˙′α1···αmβ1···βk =
∂z′α1
∂zµ1
· · ·
∂z′αm
∂zµm
∂zν1
∂z′β1
· · ·
∂zνk
∂z′βk
z˙µ1···µmν1···νk .
Let πY : TY → Y be the tangent bundle of a fibred manifold π : Y → X . Given fibred
coordinates (xλ, yi) on Y , it is equipped with the holonomic coordinates (xλ, yi, x˙λ, y˙i).
The tangent bundle TY → Y has the subbundle V Y = Ker (Tπ), which consists of the
vectors tangent to fibres of Y . It is called the vertical tangent bundle of Y , and it is
provided with the holonomic coordinates (xλ, yi, y˙i) with respect to the vertical frames
{∂i}. Every fibred morphism Φ : Y → Y
′ yields the linear bundle morphism over Φ of
the vertical tangent bundles
V Φ : V Y → V Y ′, y˙′i ◦ V Φ =
∂Φi
∂yj
y˙j. (4.1.16)
It is called the vertical tangent morphism.
In many important cases, the vertical tangent bundle V Y → Y of a fibre bundle
Y → X is trivial, and it is isomorphic to the bundle product
V Y = Y ×
X
Y , (4.1.17)
where Y → X is some vector bundle. One calls (4.1.17) the vertical splitting. For
instance, every vector bundle Y → X admits the canonical vertical splitting
V Y = Y ⊕
X
Y. (4.1.18)
The vertical cotangent bundle V ∗Y → Y of a fibred manifold Y → X is defined as
the dual of the vertical tangent bundle V Y → Y . It is not a subbundle of the cotangent
bundle T ∗Y , but there is the canonical surjection
ζ : T ∗Y ∋ x˙λdx
λ + y˙idy
i → y˙idy
i ∈ V ∗Y, (4.1.19)
where the bases {dyi}, possessing transition functions
dy′i =
∂y′i
∂yj
dyj,
are the duals of the vertical frames {∂i} of the vertical tangent bundle V Y .
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For any fibred manifold Y , there exist the exact sequences of vector bundles
0→ V Y −→TY
πT−→ Y ×
X
TX → 0, (4.1.20)
0→ Y ×
X
T ∗X → T ∗Y → V ∗Y → 0. (4.1.21)
Their splitting, by definition, is a connection on Y → X (Section 4.3.1).
Let us consider the tangent bundle TT ∗X of T ∗X and the cotangent bundle T ∗TX
of TX . Relative to coordinates (xλ, pλ = x˙λ) on T
∗X and (xλ, x˙λ) on TX , these fibre
bundles are provided with the coordinates (xλ, pλ, x˙
λ, p˙λ) and (x
λ, x˙λ, x˙λ, x¨λ), respectively.
By inspection of the coordinate transformation laws, one can show that there is an iso-
morphism
α : TT ∗X = T ∗TX, pλ ←→ x¨λ, p˙λ ←→ x˙λ (4.1.22)
of these bundles over TX . Given a fibred manifold Y → X , there is the similar isomor-
phism
αV : V V
∗Y = V ∗V Y, pi ←→ y¨i, p˙i ←→ y˙i (4.1.23)
over V Y , where (xλ, yi, pi, y˙
i, p˙i) and (x
λ, yi, y˙i, y˙i, y¨i) are coordinates on V V
∗Y and V ∗V Y ,
respectively.
Let π : Y → X be a vector bundle with a typical fibre V . An affine bundle modelled
over the vector bundle Y → X is a fibre bundle π : Y → X whose typical fibre V is an
affine space modelled over V , all the fibres Yx of Y are affine spaces modelled over the
corresponding fibres Y x of the vector bundle Y , and there is an affine bundle atlas
Ψ = {(Uα, ψχ), ̺χζ}
of Y → X whose local trivializations morphisms ψχ (4.1.5) and transition functions ̺χζ
(4.1.6) are affine isomorphisms.
Dealing with affine bundles, we use only affine bundle coordinates (yi) associated to
an affine bundle atlas Ψ. There are the bundle morphisms
Y ×
X
Y −→
X
Y, (yi, yi)→ yi + yi,
Y ×
X
Y −→
X
Y , (yi, y′i)→ yi − y′i,
where (yi) are linear coordinates on a vector bundle Y .
By virtue of Theorem 4.1.2, affine bundles have global sections, but in contrast with
vector bundles, there is no canonical global section of an affine bundle. Let π : Y → X
be an affine bundle. Every global section s of an affine bundle Y → X modelled over a
vector bundle Y → X yields the bundle morphisms
Y ∋ y → y − s(π(y)) ∈ Y , (4.1.24)
Y ∋ y → s(π(y)) + y ∈ Y. (4.1.25)
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In particular, every vector bundle Y has a natural structure of an affine bundle due to
the morphisms (4.1.25) where s = 0̂ is the canonical zero-valued section of Y .
Theorem 4.1.11: Any affine bundle Y → X admits bundle coordinates (xλ, y˜i) possess-
ing linear transition functions y˜′i = Aij(x)y˜
j [14]. ✷
By a morphism of affine bundles is meant a bundle morphism Φ : Y → Y ′ whose
restriction to each fibre of Y is an affine map. It is called an affine bundle morphism.
Every affine bundle morphism Φ : Y → Y ′ of an affine bundle Y modelled over a vector
bundle Y to an affine bundle Y ′ modelled over a vector bundle Y
′
yields an unique linear
bundle morphism
Φ : Y → Y
′
, y′i ◦ Φ =
∂Φi
∂yj
yj , (4.1.26)
called the linear derivative of Φ.
Every affine bundle Y → X modelled over a vector bundle Y → X admits the canon-
ical vertical splitting
V Y = Y ×
X
Y . (4.1.27)
4.1.4 Vector and multivector fields
Vector fields on a manifold Z are global sections of the tangent bundle TZ → Z.
The set T1(Z) of vector fields on Z is both a C
∞(Z)-module and a real Lie algebra
with respect to the Lie bracket
u = uλ∂λ, v = v
λ∂λ,
[v, u] = (vλ∂λu
µ − uλ∂λv
µ)∂µ.
Given a vector field u on X , a curve
c : R ⊃ (, )→ Z
in Z is said to be an integral curve of u if Tc = u(c). Every vector field u on a manifold
Z can be seen as an infinitesimal generator of a local one-parameter group of local diffeo-
morphisms (a flow), and vice versa [22]. One-dimensional orbits of this group are integral
curves of u.
A vector field is called complete if its flow is a one-parameter group of diffeomorphisms
of Z.
Theorem 4.1.12: Any vector field on a compact manifold is complete. ✷
A vector field u on a fibred manifold Y → X is called projectable if it is projected
onto a vector field on X , i.e., there exists a vector field τ on X such that
τ ◦ π = Tπ ◦ u.
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A projectable vector field takes the coordinate form
u = uλ(xµ)∂λ + u
i(xµ, yj)∂i, τ = u
λ∂λ. (4.1.28)
A projectable vector field is called vertical if its projection onto X vanishes, i.e., if it lives
in the vertical tangent bundle V Y .
A vector field τ = τλ∂λ on a base X of a fibred manifold Y → X gives rise to a
vector field on Y by means of a connection on this fibre bundle (see the formula (4.3.3)).
Nevertheless, every tensor bundle (4.1.15) admits the functorial lift of vector fields
τ˜ = τµ∂µ + [∂ντ
α1 x˙να2···αmβ1···βk + . . .− ∂β1τ
ν x˙α1···αmνβ2···βk − . . .]∂˙
β1···βk
α1···αm
, (4.1.29)
where we employ the compact notation
∂˙λ =
∂
∂x˙λ
. (4.1.30)
This lift is an R-linear monomorphism of the Lie algebra T1(X) of vector fields on X to
the Lie algebra T1(Y ) of vector fields on Y . In particular, we have the functorial lift
τ˜ = τµ∂µ + ∂ντ
αx˙ν
∂
∂x˙α
(4.1.31)
of vector fields on X onto the tangent bundle TX and their functorial lift
τ˜ = τµ∂µ − ∂βτ
ν x˙ν
∂
∂x˙β
(4.1.32)
onto the cotangent bundle T ∗X .
Let Y → X be a vector bundle. Using the canonical vertical splitting (4.1.18), we
obtain the canonical vertical vector field
uY = y
i∂i (4.1.33)
on Y , called the Liouville vector field. For instance, the Liouville vector field on the
tangent bundle TX reads
uTX = x˙
λ∂˙λ. (4.1.34)
Accordingly, any vector field τ = τλ∂λ on a manifold X has the canonical vertical lift
τV = τ
λ∂˙λ (4.1.35)
onto the tangent bundle TX .
A multivector field ϑ of degree |ϑ| = r (or, simply, an r-vector field) on a manifold Z
is a section
ϑ =
1
r!
ϑλ1...λr∂λ1 ∧ · · · ∧ ∂λr (4.1.36)
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of the exterior product
r
∧TZ → Z. Let Tr(Z) denote the C
∞(Z)-module space of r-vector
fields on Z. All multivector fields on a manifold Z make up the graded commutative
algebra T∗(Z) of global sections of the exterior bundle ∧TZ (4.1.12) with respect to the
exterior product ∧.
Given an r-vector field ϑ (4.1.36) on a manifold Z, its tangent lift ϑ˜ onto the tangent
bundle TZ of Z is defined by the relation
ϑ˜(σ˜r, . . . , σ˜1) = ˜ϑ(σr, . . . , σ1) (4.1.37)
where [17]:
• σk = σkλdz
λ are arbitrary one-forms on a manifold Z,
• by
σ˜k = z˙µ∂µσ
k
λdz
λ + σkλdz˙
λ
are meant their tangent lifts (4.1.41) onto the tangent bundle TZ of Z,
• the right-hand side of the equality (4.1.37) is the tangent lift (4.1.39) onto TZ of
the function ϑ(σr, . . . , σ1) on Z.
The tangent lift (4.1.37) takes the coordinate form
ϑ˜ =
1
r!
[z˙µ∂µϑ
λ1...λr ∂˙λ1 ∧ · · · ∧ ∂˙λr + (4.1.38)
ϑλ1...λr
r∑
i=1
∂˙λ1 ∧ · · · ∧ ∂λi ∧ · · · ∧ ∂˙λr ].
In particular, if τ is a vector field on a manifold Z, its tangent lift (4.1.38) coincides with
the functorial lift (4.1.31).
4.1.5 Differential forms
An exterior r-form on a manifold Z is a section
φ =
1
r!
φλ1...λrdz
λ1 ∧ · · · ∧ dzλr
of the exterior product
r
∧T ∗Z → Z, where
dzλ1 ∧ · · · ∧ dzλr =
1
r!
ǫλ1...λrµ1...µrdz
µ1 ⊗ · · · ⊗ dzµr ,
ǫ...λi...λj ......µp...µk... = −ǫ
...λj ...λi...
...µp...µk ... = −ǫ
...λi...λj ...
...µk ...µp...,
ǫλ1...λrλ1...λr = 1.
Sometimes, it is convenient to write
φ = φ′λ1...λrdz
λ1 ∧ · · · ∧ dzλr
4.1. GEOMETRY OF FIBRE BUNDLES 83
without the coefficient 1/r!.
Let Or(Z) denote the C∞(Z)-module of exterior r-forms on a manifold Z. By def-
inition, O0(Z) = C∞(Z) is the ring of smooth real functions on Z. All exterior forms
on Z constitute the graded algebra O∗(Z) of global sections of the exterior bundle ∧T ∗Z
(4.1.12) endowed with the exterior product
φ =
1
r!
φλ1...λrdz
λ1 ∧ · · · ∧ dzλr , σ =
1
s!
σµ1...µsdz
µ1 ∧ · · · ∧ dzµs ,
φ ∧ σ =
1
r!s!
φν1...νrσνr+1...νr+sdz
ν1 ∧ · · · ∧ dzνr+s =
1
r!s!(r + s)!
ǫν1...νr+sα1...αr+sφν1...νrσνr+1...νr+sdz
α1 ∧ · · · ∧ dzαr+s ,
such that
φ ∧ σ = (−1)|φ||σ|σ ∧ φ,
where the symbol |φ| stands for the form degree. The algebra O∗(Z) also is provided with
the exterior differential
dφ = dzµ ∧ ∂µφ =
1
r!
∂µφλ1...λrdz
µ ∧ dzλ1 ∧ · · · ∧ dzλr
which obeys the relations
d ◦ d = 0, d(φ ∧ σ) = d(φ) ∧ σ + (−1)|φ|φ ∧ d(σ).
The exterior differential d makes O∗(Z) into a differential graded algebra, called the
exterior algebra.
Given a manifold morphism f : Z → Z ′, any exterior k-form φ on Z ′ yields the
pull-back exterior form f ∗φ on Z given by the condition
f ∗φ(v1, . . . , vk)(z) = φ(Tf(v1), . . . , T f(vk))(f(z))
for an arbitrary collection of tangent vectors v1, · · · , vk ∈ TzZ. We have the relations
f ∗(φ ∧ σ) = f ∗φ ∧ f ∗σ, df ∗φ = f ∗(dφ).
In particular, given a fibred manifold π : Y → X , the pull-back onto Y of exterior forms
on X by π provides the monomorphism of graded commutative algebras O∗(X)→ O∗(Y ).
Elements of its range π∗O∗(X) are called basic forms. Exterior forms
φ : Y →
r
∧T ∗X, φ =
1
r!
φλ1...λrdx
λ1 ∧ · · · ∧ dxλr ,
on Y such that u⌋φ = 0 for an arbitrary vertical vector field u on Y are said to be
horizontal forms. Horizontal forms of degree n = dimX are called densities.
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In the case of the tangent bundle TX → X , there is a different way to lift exterior
forms on X onto TX [17, 25]. Let f be a function on X . Its tangent lift onto TX is
defined as the function
f˜ = x˙λ∂λf. (4.1.39)
Let σ be an r-form on X . Its tangent lift onto TX is said to be the r-form σ˜ given by
the relation
σ˜(τ˜1, . . . , τ˜r) =
˜σ(τ1, . . . , τr), (4.1.40)
where τi are arbitrary vector fields on X and τ˜i are their functorial lifts (4.1.31) onto TX .
We have the coordinate expression
σ =
1
r!
σλ1···λrdx
λ1 ∧ · · · ∧ dxλr ,
σ˜ =
1
r!
[x˙µ∂µσλ1···λrdx
λ1 ∧ · · · ∧ dxλr + (4.1.41)
r∑
i=1
σλ1···λrdx
λ1 ∧ · · · ∧ dx˙λi ∧ · · · ∧ dxλr ].
The following equality holds:
dσ˜ = d˜σ.
The interior product (or contraction) of a vector field u and an exterior r-form φ on a
manifold Z is given by the coordinate expression
u⌋φ =
r∑
k=1
(−1)k−1
r!
uλkφλ1...λk...λrdz
λ1 ∧ · · · ∧ d̂z
λk
∧ · · · ∧ dzλr =
1
(r − 1)!
uµφµα2...αrdz
α2 ∧ · · · ∧ dzαr ,
where the caret ̂ denotes omission. It obeys the relations
φ(u1, . . . , ur) = ur⌋ · · ·u1⌋φ,
u⌋(φ ∧ σ) = u⌋φ ∧ σ + (−1)|φ|φ ∧ u⌋σ. (4.1.42)
A generalization of the interior product to multivector fields is the left interior product
ϑ⌋φ = φ(ϑ), |ϑ| ≤ |φ|, φ ∈ O∗(Z), ϑ ∈ T∗(Z),
of multivector fields and exterior forms. It is defined by the equalities
φ(u1 ∧ · · · ∧ ur) = φ(u1, . . . , ur), φ ∈ O
∗(Z), ui ∈ T1(Z),
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and obeys the relation
ϑ⌋υ⌋φ = (υ ∧ ϑ)⌋φ = (−1)|υ||ϑ|υ⌋ϑ⌋φ, φ ∈ O∗(Z), ϑ, υ ∈ T∗(Z).
The Lie derivative of an exterior form φ along a vector field u is
Luφ = u⌋dφ+ d(u⌋φ), (4.1.43)
Lu(φ ∧ σ) = Luφ ∧ σ + φ ∧ Luσ. (4.1.44)
In particular, if f is a function, then
Luf = u(f) = u⌋df.
An exterior form φ is invariant under a local one-parameter group of diffeomorphisms Gt
of Z (i.e., G∗tφ = φ) iff its Lie derivative along the infinitesimal generator u of this group
vanishes, i.e.,
Luφ = 0.
Following physical terminology (Definition 1.10.6), we say that a vector field u is a sym-
metry of an exterior form φ.
A tangent-valued r-form on a manifold Z is a section
φ =
1
r!
φµλ1...λrdz
λ1 ∧ · · · ∧ dzλr ⊗ ∂µ (4.1.45)
of the tensor bundle
r
∧T ∗Z ⊗ TZ → Z.
Remark 4.1.2: There is one-to-one correspondence between the tangent-valued one-forms φ
on a manifold Z and the linear bundle endomorphisms
φ̂ : TZ → TZ, φ̂ : TzZ ∋ v → v⌋φ(z) ∈ TzZ, (4.1.46)
φ̂∗ : T ∗Z → T ∗Z, φ̂∗ : T ∗z Z ∋ v
∗ → φ(z)⌋v∗ ∈ T ∗z Z, (4.1.47)
over Z (Remark 4.1.1). For instance, the canonical tangent-valued one-form
θZ = dz
λ ⊗ ∂λ (4.1.48)
on Z corresponds to the identity morphisms (4.1.46) and (4.1.47). ♦
Remark 4.1.3: Let Z = TX, and let TTX be the tangent bundle of TX. It is called the
double tangent bundle. There is the bundle endomorphism
J(∂λ) = ∂˙λ, J(∂˙λ) = 0 (4.1.49)
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of TTX over X. It corresponds to the canonical tangent-valued form
θJ = dx
λ ⊗ ∂˙λ (4.1.50)
on the tangent bundle TX. It is readily observed that J ◦ J = 0. ♦
The space O∗(Z) ⊗ T1(Z) of tangent-valued forms is provided with the Fro¨licher–
Nijenhuis bracket
[, ]FN : O
r(Z)⊗ T1(Z)×O
s(Z)⊗ T1(Z)→ O
r+s(Z)⊗ T1(Z),
[α⊗ u, β ⊗ v]FN = (α ∧ β)⊗ [u, v] + (α ∧ Luβ)⊗ v − (4.1.51)
(Lvα ∧ β)⊗ u+ (−1)
r(dα ∧ u⌋β)⊗ v + (−1)r(v⌋α ∧ dβ)⊗ u,
α ∈ Or(Z), β ∈ Os(Z), u, v ∈ T1(Z).
Its coordinate expression is
[φ, σ]FN =
1
r!s!
(φνλ1...λr∂νσ
µ
λr+1...λr+s
− σνλr+1...λr+s∂νφ
µ
λ1...λr
−
rφµλ1...λr−1ν∂λrσ
ν
λr+1...λr+s
+ sσµνλr+2...λr+s∂λr+1φ
ν
λ1...λr
)
dzλ1 ∧ · · · ∧ dzλr+s ⊗ ∂µ,
φ ∈ Or(Z)⊗ T1(Z), σ ∈ O
s(Z)⊗ T1(Z).
There are the relations
[φ, σ]FN = (−1)
|φ||ψ|+1[σ, φ]FN, (4.1.52)
[φ, [σ, θ]FN]FN = [[φ, σ]FN, θ]FN + (−1)
|φ||σ|[σ, [φ, θ]FN]FN, (4.1.53)
φ, σ, θ ∈ O∗(Z)⊗ T1(Z).
Given a tangent-valued form θ, the Nijenhuis differential on O∗(Z)⊗T1(Z) is defined
as the morphism
dθ : ψ → dθψ = [θ, ψ]FN, ψ ∈ O
∗(Z)⊗ T1(Z).
By virtue of (4.1.53), it has the property
dφ[ψ, θ]FN = [dφψ, θ]FN + (−1)
|φ||ψ|[ψ, dφθ]FN.
In particular, if θ = u is a vector field, the Nijenhuis differential is the Lie derivative of
tangent-valued forms
Luσ = duσ = [u, σ]FN =
1
s!
(uν∂νσ
µ
λ1...λs
− σνλ1...λs∂νu
µ +
sσµνλ2...λs∂λ1u
ν)dxλ1 ∧ · · · ∧ dxλs ⊗ ∂µ, σ ∈ O
s(Z)⊗ T1(Z).
Let Y → X be a fibred manifold. We consider the following subspaces of the space
O∗(Y )⊗ T1(Y ) of tangent-valued forms on Y :
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• horizontal tangent-valued forms
φ : Y →
r
∧T ∗X ⊗
Y
TY,
φ = dxλ1 ∧ · · · ∧ dxλr ⊗
1
r!
[φµλ1...λr(y)∂µ + φ
i
λ1...λr(y)∂i],
• projectable horizontal tangent-valued forms
φ = dxλ1 ∧ · · · ∧ dxλr ⊗
1
r!
[φµλ1...λr(x)∂µ + φ
i
λ1...λr(y)∂i],
• vertical-valued form
φ : Y →
r
∧T ∗X ⊗
Y
V Y, φ =
1
r!
φiλ1...λr(y)dx
λ1 ∧ · · · ∧ dxλr ⊗ ∂i,
• vertical-valued one-forms, called soldering forms,
σ = σiλ(y)dx
λ ⊗ ∂i, (4.1.54)
• basic soldering forms
σ = σiλ(x)dx
λ ⊗ ∂i.
Remark 4.1.4: The tangent bundle TX is provided with the canonical soldering form θJ
(4.1.50). Due to the canonical vertical splitting
V TX = TX ×
X
TX, (4.1.55)
the canonical soldering form (4.1.50) on TX defines the canonical tangent-valued form θX
(4.1.48) onX. By this reason, tangent-valued one-forms on a manifoldX also are called soldering
forms. ♦
We also mention the TX-valued forms
φ : Y →
r
∧T ∗X ⊗
Y
TX, (4.1.56)
φ =
1
r!
φµλ1...λrdx
λ1 ∧ · · · ∧ dxλr ⊗ ∂µ,
and V ∗Y -valued forms
φ : Y →
r
∧T ∗X ⊗
Y
V ∗Y, (4.1.57)
φ =
1
r!
φλ1...λridx
λ1 ∧ · · · ∧ dxλr ⊗ dyi.
It should be emphasized that (4.1.56) are not tangent-valued forms, while (4.1.57) are not
exterior forms. They exemplify vector-valued forms. Given a vector bundle E → X , by a
E-valued k-form on X , is meant a section of the fibre bundle
(
k
∧T ∗X)⊗
X
E∗ → X.
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4.1.6 Distributions and foliations
A subbundle T of the tangent bundle TZ of a manifold Z is called a regular distribution
(or, simply, a distribution). A vector field u on Z is said to be subordinate to a distribution
T if it lives in T. A distribution T is called involutive if the Lie bracket of T-subordinate
vector fields also is subordinate to T.
A subbundle of the cotangent bundle T ∗Z of Z is called a codistribution T∗ on a
manifold Z. For instance, the annihilator AnnT of a distribution T is a codistribution
whose fibre over z ∈ Z consists of covectors w ∈ T ∗z such that v⌋w = 0 for all v ∈ Tz.
There is the following criterion of an involutive distribution [47].
Theorem 4.1.13: Let T be a distribution and AnnT its annihilator. Let ∧AnnT(Z)
be the ideal of the exterior algebra O∗(Z) which is generated by sections of AnnT→ Z.
A distribution T is involutive iff the ideal ∧AnnT(Z) is a differential ideal, i.e.,
d(∧AnnT(Z)) ⊂ ∧AnnT(Z).
✷
The following local coordinates can be associated to an involutive distribution [47].
Theorem 4.1.14: Let T be an involutive r-dimensional distribution on a manifold Z,
dimZ = k. Every point z ∈ Z has an open neighborhood U which is a domain of an
adapted coordinate chart (z1, . . . , zk) such that, restricted to U , the distribution T and its
annihilator AnnT are spanned by the local vector fields ∂/∂z1, · · · , ∂/∂zr and the local
one-forms dzr+1, . . . , dzk, respectively. ✷
A connected submanifold N of a manifold Z is called an integral manifold of a distri-
bution T on Z if TN ⊂ T. Unless otherwise stated, by an integral manifold is meant an
integral manifold of dimension of T. An integral manifold is called maximal if no other
integral manifold contains it. The following is the classical theorem of Frobenius [22, 47].
Theorem 4.1.15: Let T be an involutive distribution on a manifold Z. For any z ∈ Z,
there exists a unique maximal integral manifold of T through z, and any integral manifold
through z is its open subset. ✷
Maximal integral manifolds of an involutive distribution on a manifold Z are assembled
into a regular foliation F of Z.
A regular r-dimensional foliation (or, simply, a foliation) F of a k-dimensional manifold
Z is defined as a partition of Z into connected r-dimensional submanifolds (the leaves of
a foliation) Fι, ι ∈ I, which possesses the following properties [37, 45].
A manifold Z admits an adapted coordinate atlas
{(Uξ; z
λ, zi)}, λ = 1, . . . , k − r, i = 1, . . . , r, (4.1.58)
such that transition functions of coordinates zλ are independent of the remaining coor-
dinates zi. For each leaf F of a foliation F , the connected components of F ∩ Uξ are
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given by the equations zλ =const. These connected components and coordinates (zi) on
them make up a coordinate atlas of a leaf F . It follows that tangent spaces to leaves of
a foliation F constitute an involutive distribution TF on Z, called the tangent bundle to
the foliation F . The factor bundle
V F = TZ/TF ,
called the normal bundle to F , has transition functions independent of coordinates zi.
Let TF∗ → Z denote the dual of TF → Z. There are the exact sequences
0→ TF
iF−→ TX −→V F → 0, (4.1.59)
0→ AnnTF −→ T ∗X
i∗
F−→TF∗ → 0 (4.1.60)
of vector bundles over Z.
A pair (Z,F), where F is a foliation of Z, is called a foliated manifold. It should
be emphasized that leaves of a foliation need not be closed or imbedded submanifolds.
Every leaf has an open saturated neighborhood U , i.e., if z ∈ U , then a leaf through z
also belongs to U .
Any submersion ζ : Z →M yields a foliation
F = {Fp = ζ
−1(p)}p∈ζ(Z)
of Z indexed by elements of ζ(Z), which is an open submanifold of M , i.e., Z → ζ(Z)
is a fibred manifold. Leaves of this foliation are closed imbedded submanifolds. Such a
foliation is called simple. Any (regular) foliation is locally simple.
4.2 Jet manifolds
This Section collects the relevant material on jet manifolds of sections of fibre bundles
[14, 23, 30, 43].
4.2.1 First order jet manifolds
Given a fibre bundle Y → X with bundle coordinates (xλ, yi), let us consider the equiva-
lence classes j1xs of its sections s, which are identified by their values s
i(x) and the values
of their partial derivatives ∂µs
i(x) at a point x ∈ X . They are called the first order jets
of sections at x. One can justify that the definition of jets is coordinate-independent. A
key point is that the set J1Y of first order jets j1xs, x ∈ X , is a smooth manifold with
respect to the adapted coordinates (xλ, yi, yiλ) such that
yiλ(j
1
xs) = ∂λs
i(x), y′
i
λ =
∂xµ
∂x′λ
(∂µ + y
j
µ∂j)y
′i. (4.2.1)
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It is called the first order jet manifold of a fibre bundle Y → X . We call (yiλ) the jet
coordinate.
A jet manifold J1Y admits the natural fibrations
π1 : J1Y ∋ j1xs→ x ∈ X, (4.2.2)
π10 : J
1Y ∋ j1xs→ s(x) ∈ Y. (4.2.3)
A glance at the transformation law (4.2.1) shows that π10 is an affine bundle modelled over
the vector bundle
T ∗X ⊗
Y
V Y → Y. (4.2.4)
It is convenient to call π1 (4.2.2) the jet bundle, while π10 (4.2.3) is said to be the affine
jet bundle.
Let us note that, if Y → X is a vector or an affine bundle, the jet bundle π1 (4.2.2) is
so.
Jets can be expressed in terms of familiar tangent-valued forms as follows. There are
the canonical imbeddings
λ(1) : J
1Y →
Y
T ∗X ⊗
Y
TY,
λ(1) = dx
λ ⊗ (∂λ + y
i
λ∂i) = dx
λ ⊗ dλ, (4.2.5)
θ(1) : J
1Y →
Y
T ∗Y ⊗
Y
V Y,
θ(1) = (dy
i − yiλdx
λ)⊗ ∂i = θ
i ⊗ ∂i, (4.2.6)
where dλ are said to be total derivatives, and θ
i are called contact forms.
We further identify the jet manifold J1Y with its images under the canonical mor-
phisms (4.2.5) and (4.2.6), and represent the jets j1xs = (x
λ, yi, yiµ) by the tangent-valued
forms λ(1) (4.2.5) and θ(1) (4.2.6).
Sections and morphisms of fibre bundles admit prolongations to jet manifolds as fol-
lows.
Any section s of a fibre bundle Y → X has the jet prolongation to the section
(J1s)(x) = j1xs, y
i
λ ◦ J
1s = ∂λs
i(x),
of the jet bundle J1Y → X . A section of the jet bundle J1Y → X is called integrable if
it is the jet prolongation of some section of a fibre bundle Y → X .
Any bundle morphism Φ : Y → Y ′ over a diffeomorphism f admits a jet prolongation
to a bundle morphism of affine jet bundles
J1Φ : J1Y −→
Φ
J1Y ′, y′
i
λ ◦ J
1Φ =
∂(f−1)µ
∂x′λ
dµΦ
i. (4.2.7)
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Any projectable vector field u (4.1.28) on a fibre bundle Y → X has a jet prolongation
to the projectable vector field
J1u = r1 ◦ J
1u : J1Y → J1TY → TJ1Y,
J1u = uλ∂λ + u
i∂i + (dλu
i − yiµ∂λu
µ)∂λi , (4.2.8)
on the jet manifold J1Y . In order to obtain (4.2.8), the canonical bundle morphism
r1 : J
1TY → TJ1Y, y˙iλ ◦ r1 = (y˙
i)λ − y
i
µx˙
µ
λ
is used. In particular, there is the canonical isomorphism
V J1Y = J1V Y, y˙iλ = (y˙
i)λ. (4.2.9)
4.2.2 Second order jet manifolds
Taking the first order jet manifold of the jet bundle J1Y → X , we obtain the repeated
jet manifold J1J1Y provided with the adapted coordinates
(xλ, yi, yiλ, ŷ
i
µ, y
i
µλ)
possessing transition functions
y′iλ =
∂xα
∂x′λ
dαy
′i, ŷ′iλ =
∂xα
∂x′λ
d̂αy
′i, y′
i
µλ =
∂xα
∂x′µ
d̂αy
′i
λ,
dα = ∂α + y
j
α∂j + y
j
να∂
ν
j , d̂α = ∂α + ŷ
j
α∂j + y
j
να∂
ν
j .
There exist two different affine fibrations of J1J1Y over J1Y :
• the familiar affine jet bundle (4.2.3):
π11 : J
1J1Y → J1Y, yiλ ◦ π11 = y
i
λ, (4.2.10)
• the affine bundle
J1π10 : J
1J1Y → J1Y, yiλ ◦ J
1π10 = ŷ
i
λ. (4.2.11)
In general, there is no canonical identification of these fibrations. The points q ∈ J1J1Y ,
where
π11(q) = J
1π10(q),
form an affine subbundle Ĵ2Y → J1Y of J1J1Y called the sesquiholonomic jet manifold.
It is given by the coordinate conditions ŷiλ = y
i
λ, and is coordinated by (x
λ, yi, yiλ, y
i
µλ).
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The second order (or holonomic) jet manifold J2Y of a fibre bundle Y → X can be
defined as the affine subbundle of the fibre bundle Ĵ2Y → J1Y given by the coordinate
conditions yiλµ = y
i
µλ. It is modelled over the vector bundle
2
∨T ∗X ⊗
J1Y
V Y → J1Y,
and is endowed with adapted coordinates (xλ, yi, yiλ, y
i
λµ = y
i
µλ), possessing transition
functions
y′iλ =
∂xα
∂x′λ
dαy
′i, y′
i
µλ =
∂xα
∂x′µ
dαy
′i
λ. (4.2.12)
The second order jet manifold J2Y also can be introduced as the set of the equivalence
classes j2xs of sections s of the fibre bundle Y → X , which are identified by their values
and the values of their first and second order partial derivatives at points x ∈ X , i.e.,
yiλ(j
2
xs) = ∂λs
i(x), yiλµ(j
2
xs) = ∂λ∂µs
i(x).
The equivalence classes j2xs are called the second order jets of sections.
Let s be a section of a fibre bundle Y → X , and let J1s be its jet prolongation to
a section of a jet bundle J1Y → X . The latter gives rise to the section J1J1s of the
repeated jet bundle J1J1Y → X . This section takes its values into the second order jet
manifold J2Y . It is called the second order jet prolongation of a section s, and is denoted
by J2s.
Theorem 4.2.1: Let s be a section of the jet bundle J1Y → X , and let J1s be its jet
prolongation to a section of the repeated jet bundle J1J1Y → X . The following three
facts are equivalent:
• s = J1s where s is a section of a fibre bundle Y → X ,
• J1s takes its values into Ĵ2Y ,
• J1s takes its values into J2Y . ✷
4.2.3 Higher order jet manifolds
The notion of first and second order jet manifolds is naturally extended to higher order
jet manifolds.
The k-order jet manifold JkY of a fibre bundle Y → X comprises the equivalence
classes jkxs, x ∈ X , of sections s of Y identified by the k + 1 terms of their Tailor series
at points x ∈ X . The jet manifold JkY is provided with the adapted coordinates
(xλ, yi, yiλ, . . . , y
i
λk···λ1
),
yiλl···λ1(j
k
xs) = ∂λl · · ·∂λ1s
i(x), 0 ≤ l ≤ k.
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Every section s of a fibre bundle Y → X gives rise to the section Jks of a fibre bundle
JkY → X such that
yiλl···λ1 ◦ J
ks = ∂λl · · ·∂λ1s
i, 0 ≤ l ≤ k.
The following operators on exterior forms on jet manifolds are utilized:
• the total derivative operator
dλ = ∂λ + y
i
λ∂i + y
i
λµ∂
µ
i + · · · , (4.2.13)
obeying the relations
dλ(φ ∧ σ) = dλ(φ) ∧ σ + φ ∧ dλ(σ),
dλ(dφ) = d(dλ(φ)),
in particular,
dλ(f) = ∂λf + y
i
λ∂if + y
i
λµ∂
µ
i f + · · · , f ∈ C
∞(JkY ),
dλ(dx
µ) = 0, dλ(dy
i
λl···λ1
) = dyiλλl···λ1;
• the horizontal projection h0 given by the relations
h0(dx
λ) = dxλ, h0(dy
i
λk···λ1
) = yiµλk ...λ1dx
µ, (4.2.14)
in particular,
h0(dy
i) = yiµdx
µ, h0(dy
i
λ) = y
i
µλdx
µ;
• the total differential
dH(φ) = dx
λ ∧ dλ(φ), (4.2.15)
possessing the properties
dH ◦ dH = 0, h0 ◦ d = dH ◦ h0.
4.2.4 Differential operators and differential equations
Jet manifolds provide the standard language for the theory of differential equations and
differential operators [3, 8, 24].
Definition 4.2.2: Let Z be an (m + n)-dimensional manifold. A system of k-order
partial differential equations (or, simply, a differential equation) in n variables on Z
is defined to be a closed smooth submanifold E of the k-order jet bundle JknZ of n-
dimensional submanifolds of Z. ✷
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By its solution is meant an n-dimensional submanifold S of Z whose k-order jets [S]kz ,
z ∈ S, belong to E.
Definition 4.2.3: A k-order differential equation in n variables on a manifold Z is called
a dynamic equation if it can be algebraically solved for the highest order derivatives, i.e.,
it is a section of the fibration JknZ → J
k−1
n Z. ✷
In particular, a first order dynamic equation in n variables on a manifold Z is a section
of the jet bundle J1nZ → Z. Its image in the tangent bundle TZ → Z is an n-dimensional
vector subbundle of TZ. If n = 1, a dynamic equation is given by a vector field
z˙λ(t) = uλ(z(t)) (4.2.16)
on a manifold Z. Its solutions are integral curves c(t) of the vector field u.
Let Y → X be a fibre bundle. There are several equivalent definitions of (non-linear)
differential operators. We start with the following.
Definition 4.2.4: Let E → X be a vector bundle. A k-order E-valued differential
operator on a fibre bundle Y → X is defined as a section E of the pull-back bundle
pr1 : E
k
Y = J
kY ×
X
E → JkY. (4.2.17)
✷
Given bundle coordinates (xλ, yi) on Y and (xλ, χa) on E, the pull-back (4.2.17) is
provided with coordinates (xλ, yjΣ, χ
a), 0 ≤ |Σ| ≤ k. With respect to these coordinates,
a differential operator E seen as a closed imbedded submanifold E ⊂ EkY is given by the
equalities
χa = Ea(xλ, yjΣ). (4.2.18)
There is obvious one-to-one correspondence between the sections E (4.2.18) of the fibre
bundle (4.2.17) and the bundle morphisms
Φ : JkY −→
X
E, (4.2.19)
Φ = pr2 ◦ E ⇐⇒ E = (Id J
kY,Φ).
Therefore, we come to the following equivalent definition of differential operators on Y →
X .
Definition 4.2.5: A fibred morphism
E : JkY →
X
E (4.2.20)
is called a k-order differential operator on the fibre bundle Y → X . It sends each section
s(x) of Y → X onto the section (E ◦ Jks)(x) of the vector bundle E → X [3, 24]. ✷
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The kernel of a differential operator is the subset
Ker E = E−1(0̂(X)) ⊂ JkY, (4.2.21)
where 0̂ is the zero section of the vector bundle E → X , and we assume that 0̂(X) ⊂
E(JkY ).
Definition 4.2.6: A system of k-order partial differential equations (or, simply, a
differential equation) on a fibre bundle Y → X is defined as a closed subbundle E of the
jet bundle JkY → X . ✷
Its solution is a (local) section s of the fibre bundle Y → X such that its k-order jet
prolongation Jks lives in E.
For instance, if the kernel (4.2.21) of a differential operator E is a closed subbundle of
the fibre bundle JkY → X , it defines a differential equation
E ◦ Jks = 0.
The following condition is sufficient for a kernel of a differential operator to be a
differential equation.
Theorem 4.2.7: Let the morphism (4.2.20) be of constant rank. Its kernel (4.2.21) is a
closed subbundle of the fibre bundle JkY → X and, consequently, is a k-order differential
equation. ✷
4.3 Connections on fibre bundles
There are different equivalent definitions of a connection on a fibre bundle Y → X . We
define it both as a splitting of the exact sequence (4.1.20) and a global section of the affine
jet bundle J1Y →Y [14, 30, 43].
4.3.1 Connections
A connection on a fibred manifold Y → X is defined as a splitting (called the horizontal
splitting)
Γ : Y ×
X
TX →
Y
TY, Γ : x˙λ∂λ 7→ x˙
λ(∂λ + Γ
i
λ(y)∂i), (4.3.1)
x˙λ∂λ + y˙
i∂i = x˙
λ(∂λ + Γ
i
λ∂i) + (y˙
i − x˙λΓiλ)∂i.
of the exact sequence (4.1.20). Its range is a subbundle of TY → Y called the horizontal
distribution. By virtue of Theorem 4.1.10, a connection on a fibred manifold always exists.
A connection Γ (4.3.1) is represented by the horizontal tangent-valued one-form
Γ = dxλ ⊗ (∂λ + Γ
i
λ∂i) (4.3.2)
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on Y which is projected onto the canonical tangent-valued form θX (4.1.48) on X .
Given a connection Γ on a fibred manifold Y → X , any vector field τ on a base X
gives rise to the projectable vector field
Γτ = τ⌋Γ = τλ(∂λ + Γ
i
λ∂i) (4.3.3)
on Y which lives in the horizontal distribution determined by Γ. It is called the horizontal
lift of τ by means of a connection Γ.
The splitting (4.3.1) also is given by the vertical-valued form
Γ = (dyi − Γiλdx
λ)⊗ ∂i, (4.3.4)
which yields an epimorphism TY → V Y . It provides the corresponding splitting
Γ : V ∗Y ∋ dyi 7→ dyi − Γiλdx
λ ∈ T ∗Y, (4.3.5)
x˙λdx
λ + y˙idy
i = (x˙λ + y˙iΓ
i
λ)dx
λ + y˙i(dy
i − Γiλdx
λ),
of the dual exact sequence (4.1.21).
In an equivalent way, connections on a fibred manifold Y → X are introduced as
global sections of the affine jet bundle J1Y → Y . Indeed, any global section Γ of J1Y →
Y defines the tangent-valued form λ1 ◦ Γ (4.3.2). It follows from this definition that
connections on a fibred manifold Y → X constitute an affine space modelled over the
vector space of soldering forms σ (4.1.54). One also deduces from (4.2.1) the coordinate
transformation law of connections
Γ′iλ =
∂xµ
∂x′λ
(∂µ + Γ
j
µ∂j)y
′i.
Remark 4.3.1: Any connection Γ on a fibred manifold Y → X yields a horizontal lift of a
vector field on X onto Y , but need not defines the similar lift of a path in X into Y . Let
R ⊃ [, ] ∋ t→ x(t) ∈ X, R ∋ t→ y(t) ∈ Y,
be smooth paths in X and Y , respectively. Then t→ y(t) is called a horizontal lift of x(t) if
pi(y(t)) = x(t), y˙(t) ∈ Hy(t)Y, t ∈ R,
where HY ⊂ TY is the horizontal subbundle associated to the connection Γ. If, for each path
x(t) (t0 ≤ t ≤ t1) and for any y0 ∈ pi
−1(x(t0)), there exists a horizontal lift y(t) (t0 ≤ t ≤ t1)
such that y(t0) = y0, then Γ is called the Ehresmann connection. A fibred manifold is a fibre
bundle iff it admits an Ehresmann connection [18]. ♦
Hereafter, we restrict our consideration to connections on fibre bundles. The following
are two standard constructions of new connections from old ones.
4.3. CONNECTIONS ON FIBRE BUNDLES 97
• Let Y and Y ′ be fibre bundles over the same base X . Given connections Γ on Y
and Γ′ on Y ′, the bundle product Y ×
X
Y ′ is provided with the product connection
Γ× Γ′ = dxλ ⊗
(
∂λ + Γ
i
λ
∂
∂yi
+ Γ′jλ
∂
∂y′j
)
. (4.3.6)
• Given a fibre bundle Y → X , let f : X ′ → X be a manifold morphism and f ∗Y
the pull-back of Y over X ′. Any connection Γ (4.3.4) on Y → X yields the pull-back
connection
f ∗Γ =
(
dyi − Γiλ(f
µ(x′ν), yj)
∂fλ
∂x′µ
dx′µ
)
⊗ ∂i (4.3.7)
on the pull-back bundle f ∗Y → X ′.
Every connection Γ on a fibre bundle Y → X defines the first order differential operator
DΓ : J1Y →
Y
T ∗X ⊗
Y
V Y, (4.3.8)
DΓ = λ1 − Γ ◦ π
1
0 = (y
i
λ − Γ
i
λ)dx
λ ⊗ ∂i,
on Y called the covariant differential. If s : X → Y is a section, its covariant differential
∇Γs = DΓ ◦ J
1s = (∂λs
i − Γiλ ◦ s)dx
λ ⊗ ∂i (4.3.9)
and its covariant derivative ∇Γτ s = τ⌋∇
Γs along a vector field τ on X are introduced. In
particular, a (local) section s of Y → X is called an integral section for a connection Γ
(or parallel with respect to Γ) if s obeys the equivalent conditions
∇Γs = 0 or J1s = Γ ◦ s. (4.3.10)
Let Γ be a connection on a fibre bundle Y → X . Given vector fields τ , τ ′ on X and
their horizontal lifts Γτ and Γτ ′ (4.3.3) on Y , let us consider the vertical vector field
R(τ, τ ′) = Γ[τ, τ ′]− [Γτ,Γτ ′] = τλτ ′µRiλµ∂i, (4.3.11)
Riλµ = ∂λΓ
i
µ − ∂µΓ
i
λ + Γ
j
λ∂jΓ
i
µ − Γ
j
µ∂jΓ
i
λ. (4.3.12)
It can be seen as the contraction of vector fields τ and τ ′ with the vertical-valued horizontal
two-form
R =
1
2
[Γ,Γ]FN =
1
2
Riλµdx
λ ∧ dxµ ⊗ ∂i (4.3.13)
on Y called the curvature form of a connection Γ.
Given a connection Γ and a soldering form σ, the torsion of Γ with respect to σ is
defined as the vertical-valued horizontal two-form
T = [Γ, σ]FN = (∂λσ
i
µ + Γ
j
λ∂jσ
i
µ − ∂jΓ
i
λσ
j
µ)dx
λ ∧ dxµ ⊗ ∂i. (4.3.14)
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4.3.2 Flat connections
A flat (or curvature-free) connection is a connection Γ on a fibre bundle Y → X which
satisfies the following equivalent conditions:
• its curvature vanishes everywhere on Y ;
• its horizontal distribution is involutive;
• there exists a local integral section for the connection Γ through any point y ∈ Y .
By virtue of Theorem 4.1.15, a flat connection Γ yields a foliation of Y which is
transversal to the fibration Y → X . It called a horizontal foliation. Its leaf through a
point y ∈ Y is locally defined by an integral section sy for the connection Γ through y.
Conversely, let a fibre bundle Y → X admit a horizontal foliation such that, for each point
y ∈ Y , the leaf of this foliation through y is locally defined by a section sy of Y → X
through y. Then the map
Γ : Y ∋ y 7→ j1π(y)sy ∈ J
1Y
sets a flat connection on Y → X . Hence, there is one-to-one correspondence between the
flat connections and the horizontal foliations of a fibre bundle Y → X .
Given a horizontal foliation of a fibre bundle Y → X , there exists the associated atlas
of bundle coordinates (xλ, yi) on Y such that every leaf of this foliation is locally given by
the equations yi =const., and the transition functions yi → y′i(yj) are independent of the
base coordinates xλ [14]. It is called the atlas of constant local trivializations. Two such
atlases are said to be equivalent if their union also is an atlas of the same type. They are
associated to the same horizontal foliation. Thus, the following is proved.
Theorem 4.3.1: There is one-to-one correspondence between the flat connections Γ on a
fibre bundle Y → X and the equivalence classes of atlases of constant local trivializations
of Y such that Γ = dxλ ⊗ ∂λ relative to the corresponding atlas. ✷
Example 4.3.2: Any trivial bundle has flat connections corresponding to its trivializations.
Fibre bundles over a one-dimensional base have only flat connections. ♦
4.3.3 Linear connections
Let Y → X be a vector bundle equipped with linear bundle coordinates (xλ, yi). It admits
a linear connection
Γ = dxλ ⊗ (∂λ + Γλ
i
j(x)y
j∂i). (4.3.15)
There are the following standard constructions of new linear connections from old ones.
• Any linear connection Γ (4.3.15) on a vector bundle Y → X defines the dual linear
connection
Γ∗ = dxλ ⊗ (∂λ − Γλ
j
i(x)yj∂
i) (4.3.16)
4.3. CONNECTIONS ON FIBRE BUNDLES 99
on the dual bundle Y ∗ → X .
• Let Γ and Γ′ be linear connections on vector bundles Y → X and Y ′ → X , respec-
tively. The direct sum connection Γ ⊕ Γ′ on the Whitney sum Y ⊕ Y ′ of these vector
bundles is defined as the product connection (4.3.6).
• Similarly, the tensor product Y ⊗ Y ′ of vector bundles possesses the tensor product
connection
Γ⊗ Γ′ = dxλ ⊗
[
∂λ + (Γλ
i
jy
ja + Γ′λ
a
by
ib)
∂
∂yia
]
. (4.3.17)
The curvature of a linear connection Γ (4.3.15) on a vector bundle Y → X is usually
written as a Y -valued two-form
R =
1
2
Rλµ
i
j(x)y
jdxλ ∧ dxµ ⊗ ei, (4.3.18)
Rλµ
i
j = ∂λΓµ
i
j − ∂µΓλ
i
j + Γλ
h
jΓµ
i
h − Γµ
h
jΓλ
i
h,
due to the canonical vertical splitting V Y ∼= Y × Y , where {∂i} = {ei}. For any two
vector fields τ and τ ′ on X , this curvature yields the zero order differential operator
R(τ, τ ′)s = ([∇Γτ ,∇
Γ
τ ′]−∇
Γ
[τ,τ ′])s (4.3.19)
on section s of a vector bundle Y → X .
An important example of linear connections is a connection
K = dxλ ⊗ (∂λ +Kλ
µ
ν x˙
ν ∂˙µ) (4.3.20)
on the tangent bundle TX of a manifold X . It is called a world connection or, simply, a
connection on a manifold X . The dual connection (4.3.16) on the cotangent bundle T ∗X
is
K∗ = dxλ ⊗ (∂λ −Kλ
µ
ν x˙µ∂˙
ν). (4.3.21)
The curvature of a world connection K (4.3.20) reads
R =
1
2
Rλµ
α
βx˙
βdxλ ∧ dxµ ⊗ ∂α, (4.3.22)
Rλµ
α
β = ∂λKµ
α
β − ∂µKλ
α
β +Kλ
γ
βKµ
α
γ −Kµ
γ
βKλ
α
γ .
Its Ricci tensor Rλβ = Rλµ
µ
β is introduced.
A torsion of a world connection is defined as the torsion (4.3.14) of the connection
K (4.3.20) on the tangent bundle TX with respect to the canonical vertical-valued form
dxλ ⊗ ∂˙λ. Due to the vertical splitting of V TX , it also is written as a tangent-valued
two-form
T =
1
2
Tµ
ν
λdx
λ ∧ dxµ ⊗ ∂ν , Tµ
ν
λ = Kµ
ν
λ −Kλ
ν
µ, (4.3.23)
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on X . A world connection (4.3.20) is called symmetric if its torsion (4.3.23) vanishes.
For instance, let a manifold X be provided with a non-degenerate fibre metric
g ∈
2
∨O1(X), g = gλµdx
λ ⊗ dxµ,
in the tangent bundle TX , and with the dual metric
g ∈
2
∨T 1(X), g = gλµ∂λ ⊗ ∂µ,
in the cotangent bundle T ∗X . Then there exists a world connection K such that g is its
integral section, i.e.,
∇λg
αβ = ∂λ g
αβ − gαγKλ
β
γ − g
βγKλ
α
γ = 0.
It is called the metric connection. There exists a unique symmetric metric connection
Kλ
ν
µ = {λ
ν
µ} = −
1
2
gνρ(∂λgρµ + ∂µgρλ − ∂ρgλµ). (4.3.24)
This is the Levi–Civita connection, whose components (4.3.24) are called Christoffel sym-
bols.
4.3.4 Composite connections
Let us consider the composite bundle Y → Σ→ X (4.1.10), coordinated by (xλ, σm, yi).
Let us consider the jet manifolds J1Σ, J1ΣY , and J
1Y of the fibre bundles Σ→ X , Y → Σ
and Y → X , respectively. They are parameterized respectively by the coordinates
(xλ, σm, σmλ ), (x
λ, σm, yi, y˜iλ, y
i
m), (x
λ, σm, yi, σmλ , y
i
λ).
There is the canonical map
̺ : J1Σ×
Σ
J1ΣY −→
Y
J1Y, yiλ ◦ ̺ = y
i
mσ
m
λ + y˜
i
λ. (4.3.25)
Using the canonical map (4.3.25), we can consider the relations between connections on
fibre bundles Y → X , Y → Σ and Σ→ X [30, 43].
Connections on fibre bundles Y → X , Y → Σ and Σ→ X read
γ = dxλ ⊗ (∂λ + γ
m
λ ∂m + γ
i
λ∂i), (4.3.26)
AΣ = dx
λ ⊗ (∂λ + A
i
λ∂i) + dσ
m ⊗ (∂m + A
i
m∂i), (4.3.27)
Γ = dxλ ⊗ (∂λ + Γ
m
λ ∂m). (4.3.28)
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The canonical map ̺ (4.3.25) enables us to obtain a connection γ on Y → X in accordance
with the diagram
J1Σ×
Σ
J1ΣY
̺
−→ J1Y
(Γ,A) ✻ ✻ γ
Σ×
X
Y ←− Y
This connection, called the composite connection, reads
γ = dxλ ⊗ [∂λ + Γ
m
λ ∂m + (A
i
λ + A
i
mΓ
m
λ )∂i]. (4.3.29)
It is a unique connection such that the horizontal lift γτ on Y of a vector field τ on X by
means of the connection γ (4.3.29) coincides with the composition AΣ(Γτ) of horizontal
lifts of τ onto Σ by means of the connection Γ and then onto Y by means of the connection
AΣ. For the sake of brevity, let us write γ = AΣ ◦ Γ.
Given the composite bundle Y (4.1.10), there is the exact sequence
0→ VΣY → V Y → Y ×
Σ
V Σ→ 0, (4.3.30)
where VΣY denotes the vertical tangent bundle of a fibre bundle Y → Σ coordinated by
(xλ, σm, yi, y˙i). Let us consider the splitting
B : V Y ∋ v = y˙i∂i + σ˙
m∂m 7→ v⌋B = (4.3.31)
(y˙i − σ˙mBim)∂i ∈ VΣY,
B = (dyi −Bimdσ
m)⊗ ∂i ∈ V
∗Y ⊗
Y
VΣY,
of the exact sequence (4.3.30). Then the connection γ (4.3.26) on Y → X and the splitting
B (4.3.31) define a connection
AΣ = B ◦ γ : TY → V Y → VΣY,
AΣ = dx
λ ⊗ (∂λ + (γ
i
λ −B
i
mγ
m
λ )∂i) + (4.3.32)
dσm ⊗ (∂m +B
i
m∂i),
on the fibre bundle Y → Σ.
Conversely, every connection AΣ (4.3.27) on a fibre bundle Y → Σ provides the split-
ting
V Y = VΣY ⊕
Y
AΣ(Y ×
Σ
V Σ), (4.3.33)
y˙i∂i + σ˙
m∂m = (y˙
i −Aimσ˙
m)∂i + σ˙
m(∂m + A
i
m∂i),
of the exact sequence (4.3.30). Using this splitting, one can construct the first order
differential operator
D˜ : J1Y → T ∗X ⊗
Y
VΣY, D˜ = dx
λ ⊗ (yiλ − A
i
λ −A
i
mσ
m
λ )∂i, (4.3.34)
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called the vertical covariant differential, on the composite fibre bundle Y → X .
The vertical covariant differential (4.3.34) possesses the following important property.
Let h be a section of a fibre bundle Σ→ X , and let Yh → X be the restriction of a fibre
bundle Y → Σ to h(X) ⊂ Σ. This is a subbundle ih : Yh → Y of a fibre bundle Y → X .
Every connection AΣ (4.3.27) induces the pull-back connection
Ah = i
∗
hAΣ = dx
λ ⊗ [∂λ + ((A
i
m ◦ h)∂λh
m + (A ◦ h)iλ)∂i] (4.3.35)
on Yh → X . Then the restriction of the vertical covariant differential D˜ (4.3.34) to
J1ih(J
1Yh) ⊂ J
1Y coincides with the familiar covariant differential DAh (4.3.8) on Yh
relative to the pull-back connection Ah (4.3.35).
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